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Abstract. This paper review one construction of Frobenius man-
ifolds (and slightly weaker structures). It splits it into several steps
and discusses the freedom and the constraints in these steps. The
steps pass through holomorphic bundles with meromorphic con-
nections. A conjecture on existence and uniqueness of certain such
bundles, a proof of the conjecture in the 2-dimensional cases, and
some other new results form a research part of this paper.
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2 L. DAVID AND C. HERTLING
1. Introduction
We owe to Boris Dubrovin the notion of a Frobenius manifold [Du92].
Frobenius manifolds are rich geometric objects, which have many dif-
ferent facets and which are at the crossroads of very different mathe-
matical areas. To describe them, the language of differential geometry
is good. To understand them well, one has to consider also holomor-
phic vector bundles with meromorphic connections. They arise in inte-
grable system, in quantum cohomology and in singularity theory, there
in the study of families of holomorphic functions. Isomorphy of certain
Frobenius manifolds from quantum cohomology and certain Frobenius
manifolds from singularity theory is one version of mirror symmetry.
This paper review one construction of Frobenius manifolds (and
slightly weaker structures). It splits it into several steps and discusses
the freedom and the constraints in these steps. The steps pass through
holomorphic bundles with meromorphic connections. A conjecture on
existence and uniqueness of certain such bundles, a proof of the con-
jecture in the 2-dimensional cases, and some other new results form a
research part of this paper.
A differential geometric description of a Frobenius manifold with Eu-
ler field (M, ◦, e, g, E) is as follows (Definition 3.1 (d)). M is a com-
plex manifold M with a (holomorphic) commutative and associative
multiplication ◦ on the holomorphic tangent bundle TM . e is a unit
field, a global holomorphic vector field with e◦ = id. g is a metric,
which means here a (holomorphic) bilinear symmetric and nondegen-
erate pairing with values in C on TM . Its Levi-Civita connection D
must be flat, the unit field must be D-flat, D(e) = 0, the metric must
be multiplication invariant,
g(X ◦ Y, Z) = g(X, Y ◦ Z) for X, Y, Z ∈ TM (1.1)
(TM is the sheaf of holomorphic vector fields), and the connection D
must satisfy the potentiality condition
DX(Y ◦) = DY (X◦) = [X, Y ] ◦ for X, Y, Z ∈ TM . (1.2)
Finally, the Euler field is a global holomorphic vector field E with
LieE(◦) = 1 · ◦, LieE(g) = (2− d) · g for some d ∈ C. (1.3)
(1.2) is called potentiality condition, because together with the flat-
ness of D and (1.1) it implies locally the existence of a potential
F ∈ OM with
XY Z(F ) = g(X ◦ Y, Z) for D-flat vector fields X, Y, Z. (1.4)
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The associativity of the multiplication ◦ is then expressed in the
WDVV-equations for F . This potential is the central object in the
construction of Frobenius in quantum cohomology.
But in the construction in singularity theory, it plays no role. There
one starts with a manifold with multiplication and unit field and Euler
field (M, ◦, e, E) and then adds a metric g. This adding a metric is
highly nontrivial. One aim of this paper is to review this procedure,
to split it up into several steps and to discuss the freedom and the
constraints in these steps. They go through other holomorphic bundles
on M (not the tangent bundle TM) with meromorphic connections.
The manifold with multiplication (M, ◦, e) inherits from the poten-
tiality condition a specific integrability condition of the multiplication,
see (2.1). With this condition, it is called an F-manifold [HM99]. An
Euler field on an F-manifold is a global holomorphic vector field E with
LieE(◦) = ◦.
We will not only consider Frobenius manifolds with Euler fields, but
also slightly weaker structures, altogether 4 cases: Frobenius manifolds
without/with Euler fields and without/with metrics. Frobenius mani-
folds without Euler field and without metric (but with flat and torsion
free connection D with potentiality) were considered in [Ma05] and
called flat F-manifolds. So, we consider the four cases,
without Euler field with Euler field
without metric (a) flat F-manifold (b) flat F-manifold with E
with metric (c) Frobenius mfd. (d) Frobenius mfd. with E
New interest especially in the flat F-manifolds with Euler fields arose
in recent work. Dubrovin [Du96] had observed a relation between
3-dimensional semisimple Frobenius manifolds with Euler fields and
the solutions of a 1-parameter subfamily of the Painleve´ VI equations.
Beautiful generalizations were found in [Lo14] [KMS15] [AL15] [KM19],
relations between all generic 3- and 4-dimensional regular F-manifolds
and all generic solutions of the Painleve´ equations of types VI, V, IV,
III and II (see the Remarks 3.5). Also, the constructions of Frobenius
manifolds with Euler fields on the orbit spaces of the Coxeter groups
[SaK79] [Du96] were generalized to constructions of flat F-manifolds
with Euler fields on the orbit spaces of most finite complex reflection
groups [KMS15] [KMS18] [AL17] (see the Remarks 3.4).
The construction which we want to discuss proceeds in the case of
a flat F-manifold with Euler field as follows. One has to build up
structures in 4 steps:
(I)(b) An F-manifold M with Euler field.
(II)(b) A (TE)-structure over the F-manifold M with Euler field.
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(III)(b) An extension of the (TE)-structure to a pure (TLE)-structure.
(IV)(b) A choice of a primitive section which allows to shift a part of
the connection of the (TE)-structure to the F-manifold. The
resulting flat connection enriches the F-manifold to a flat F-
manifold.
This recipe is discussed in detail in the Remarks 6.11. The ingre-
dients are treated before, F-manifolds with Euler fields in section 2,
(TE)-structures in section 4, pure (TLE)-structures in section 5, and
primitive sections in 6.
A variant of this recipe was used first by Morihiko Saito in [SaM89] in
the case of isolated hypersurface singularities. The base space of a uni-
versal unfolding is an F-manifold with Euler field [He02]. The universal
unfolding comes equipped with a vector bundle with a meromorphic
connection with logarithmic poles along a discriminant, the Gauss-
Manin connection (e.g. [He02]). A partial Fourier-Laplace transfor-
mation gives a (TE)-structure. [SaM89] starts essentially from this
situation and shows that the steps (III)(b) and (IV)(b) can be carried
out. Here (III)(b) amounts to an extension of a bundle on C with a
meromorphic connection with a pole at 0 to a trivial bundle on P1 with
a logarithmic pole at ∞. This is a Birkhoff problem. The solution in
[SaM89] starts with a Hodge filtration which is induced from the pole at
0 and chooses a monodromy invariant opposite filtration (which indeed
exists). That filtration induces the desired extension to ∞. (IV)(b)
amounts to the existence of a global section with certain properties.
In fact, [SaM89] works with the Gauss-Manin connection, not with
(TE)-structures. His construction is also covered in [He02]. The recipe
as above (and a lot of background material) is discussed in Claude
Sabbah’s book [Sa02].
In this paper we do not treat the Gauss-Manin connection and its
partial Fourier-Laplace transform, but we take an abstract point of
view and study (TE)-structures in general.
The freedom and the constraints in the 4 steps are surprisingly dif-
ferent in the 4 cases (a), (b), (c) and (d). The Remarks 6.11 discuss
this in detail. The following diagram comprises the situation in a facile
way in the cases (a) and (b). It shows in the left column several steps
from an F-manifold (without Euler field) to a flat F-manifold (without
Euler field), and in the right column the same steps from an F-manifold
with Euler field to a flat F-manifold with Euler field.
(I)(a) F-manifold: ∃ easy (I)(b) F-manifold with Euler field: ∃
easy
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(II)(a) (T)-structure over
an F-manifold:
∃ in the gen. semisimple
cases: Conjecture 7.2 (a)
∃ in general: no
If ∃, possibly functional par.
(II)(b) (TE)-structure over an F-
manifold with Euler field:
∃ in the generically semisimple cases:
Conjecture 7.2 (b)
∃ in general: no
If ∃, functional par.
(III)(a) pure (TL)-structure
over an F-manifold:
∃ for free, functional par.:
Theorem 5.1 (a)
(III)(b) pure (TLE)-structure over
an F-manifold with Euler field: ∃ is
a Riemann-Hilbert-Birkhoff problem
(IV)(a) flat F-manifold:
∃ for free, <∞ par.
(IV)(b) flat F-manifold with Euler
field: ∃ needs ∃ of a primitive section
which is an eigenvector of Q, often
yes, but not always, <∞ par.
Section 7 proposes Conjecture 7.2. It makes a precise prediction
about existence and uniqueness and the parameters for all (TE)-
structures over an irreducible germ of a generically semisimple F-
manifold. Section 8 proves this conjecture in the 2-dimensional cases.
There one has the F-manifolds I2(m) (m ∈ Z≥3). The proof requires
quite some diligence and uses a formal classification of (T )-structures
over I2(m) in [DH19-1].
The paper is structured as follows. Section 2 discusses old and new
results on F-manifolds, with and without Euler fields. Section 3 intro-
duces Frobenius manifolds without/with Euler fields and without/with
metrics and reports on the recent interest in flat F-manifolds with Eu-
ler fields. Section 4 defines (TE)-structures and related structures. It
serves just as a dictionary. Section 5 treats the problem of extending
(TE)-structures to pure (TLE)-structures, a Birkhoff problem, and it
states the possibly surprising fact that the analogous extension prob-
lem for (T )-structures has always many solutions. Section 6 gives the
recipe in 4 steps and discusses them. Section 7 proposes Conjecture
7.2. Section 8 solves it for the F-manifolds of types I2(m).
This paper is a mixture of a survey and a research paper. It is related
to the book [Sa02], but it emphasizes different points. Conjecture 7.2
and section 8 are new. Some new results are also in the sections 5 and
6 (Theorem 5.1 (a)+(b), Theorem 5.6, Corollary 5.7, Theorem 6.7).
Other classical references on Frobenius manifolds are [Du96], [Ma99]
and [He02].
Some notation: N = {1, 2, ...}, N0 = N∪{0}. M is always a complex
manifold, TM is its holomorphic tangent bundle, and TM is the sheaf
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of holomorphic sections of TM , so the sheaf of holomorphic vector
fields. ◦ denotes always a holomorphic commutative and associative
multiplication on TM . And then e ∈ TM is a global holomorphic
vector field with e◦ = id. Usually local coordinates on M will be called
t = (t1, ..., tn), and their coordinate vector fields will be written as
∂k = ∂/∂tk.
2. A review of F-manifolds
F -manifolds were first defined in [HM99]. This section reviews their
definition, basic properties which were developed in [He02], and some
younger results.
Definition 2.1. (a) An F-manifold (M, ◦, e) (without Euler field) is
a holomorphic manifold M with a holomorphic commutative and as-
sociative multiplication ◦ on the holomorphic tangent bundle TM and
with a global holomorphic vector field e ∈ TM with e◦ = id (e is called
a unit field), which satisfies the following integrability condition:
LieX◦Y (◦) = X ◦ LieY (◦) + Y ◦ LieX(◦) for X, Y ∈ TM . (2.1)
(b) Given an F-manifold (M, ◦, e), an Euler field on it is a global vector
field E ∈ TM with LieE(◦) = ◦.
At first sight, the integrability condition (2.1) might look surprising.
Below in Theorem 2.12, an equivalent condition is given. The integra-
bility condition is also important in the proof in [He02] of the basic
decomposition result Theorem 2.3 on germs of F-manifolds. There it
allows to extend the pointwise decomposition of TtM in Remark 2.2
into a local decomposition of the F-manifold.
Remark 2.2. A finite dimensional commutative and associative C-
algebra A with unit e ∈ A decomposes uniquely into a direct sum
A =
⊕l
k=1Ak of local and irreducible algebras Ak with units ek with
e =
∑l
k=1 ek and Ak1 ◦ Ak2 = 0 for k1 6= k2. This is elementary
(linear) algebra. The decomposition is obtained as the simultaneous
decomposition into generalized eigenspaces of all endomorphisms a◦ :
A → A for a ∈ A (see e.g. Lemma 2.1 in [He02]). The algebra A is
called semisimple if l = dimA (so then Ak = C · ek for all k).
Theorem 2.3. [He02, Theorem 2.11] Let ((M, t0), ◦, e) be the germ at
t0 of an F-manifold.
(a) The decomposition of the algebra (Tt0M, ◦|t0 , e|t0) with unit
into local algebras extends into a canonical decomposition (M, t0) =∏l
k=1(Mk, t
0,k) as a product of germs of F-manifolds.
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(b) If E is an Euler field of M , then E decomposes as E =
∑l
k=1Ek
with Ek (the canonical lift of) an Euler field on Mk.
Remark 2.4. [He02, Proposition 2.10] Vice versa, if one has l F-
manifolds (Mk, ◦k, ek), their product M =
∏l
k=1Mk inherits a natural
structure as a germ of an F-manifold. And if there are Euler fields
Ek, then the sum E =
∑l
k=1(lift of Ek to M) is an Euler field on the
product M .
Because of Theorem 2.3, the first task in a classification of F-
manifolds is the classification of irreducible germs of F-manifolds, with-
out and with Euler fields.
Lemma 2.5. [He02, Example 2.12 (i)] In dimension 1, (up to isomor-
phism) there is only one germ of an F-manifold, the germ (M, 0) =
(C, 0) with e = ∂/∂u1, where u1 is the coordinate on C. Any Euler field
on it has the shape E = (u1 + c1)e for some c1 ∈ C.
Definition 2.6. (a) A germ of an F-manifold is semisimple if it is
isomorphic to a product of 1-dimensional germs of F-manifolds.
(b) An F-manifold is generically semisimple if it is semisimple at
generic points.
Remarks 2.7. (i) By Lemma 2.5, a semisimple germ is isomorphic to
(Cn, 0) with coordinates u = (u1, ..., un) and partial units ek = ∂uk ,
which determine the multiplication by ek ◦ ek = ek and ek1 ◦ ek2 = 0 for
k1 6= k2. The global unit field is e =
∑n
k=1 ek. Any Euler field on this
F-manifold has the shape E =
∑n
k=1(uk+ ck)ek for some c1, ..., cn ∈ C.
The semisimple germ of dimension n is said to be of type An1 .
(ii) In (i), the coordinates uk are up to a shift equal to the eigenvalues
uk + ck of E◦. One can also use these eigenvalues as new coordinates.
Then one obtains a germ isomorphic to (Cn,−(c1, ..., cn)) at some point
−(c1, ..., cn) ∈ Cn. These coordinates are Dubrovin’s canonical coordi-
nates.
(iii) In the case of a generically semisimple F-manifold, the caustic
is the set
K := {t ∈ M | the germ (M, t) is not semisimple} (2.2)
of points where the multiplication is not semisimple. It is either empty
or an analytic hypersurface [He02, Proposition 2.6]. The Maxwell stra-
tum is the set
K2 := (the closure of the set (2.3)
{t ∈M −K | some eigenvalues of E ◦ coincide}).
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It is either empty or an analytic hypersurface. The union of caustic
and Maxwell stratum is the bifurcation set Kbif := K ∪ K2. It is the
set of points where the eigenvalues of E◦ are not all different. These
three notions come from singularity theory.
The 2-dimensional germs of F-manifolds are classified.
Theorem 2.8. [He02, Theorem 4.7] In dimension 2, (up to isomor-
phism) the germs of F-manifolds fall into three types:
(a) The semisimple germ (of type A21). See Remark 2.7 (i) for it and
for the Euler fields on it.
(b) Irreducible germs, which (i.e. some holomorphic representatives
of them) are at generic points semisimple. They form a series I2(m),
m ∈ Z≥3. The germ of type I2(m) can be given as follows.
(M, 0) = (C2, 0) with coordinates t = (t1, t2) and ∂k :=
∂
∂tk
,
e = ∂1, ∂2 ◦ ∂2 = tm−22 e. (2.4)
Any Euler field takes the shape
E = (t1 + c1)∂1 +
2
m
t2∂2 for some c1 ∈ C. (2.5)
(c) An irreducible germ, such that the multiplication is everywhere
irreducible. It is called N2, and it can be given as follows.
(M, 0) = (C2, 0) with coordinates t = (t1, t2) and ∂k :=
∂
∂tk
,
e = ∂1, ∂2 ◦ ∂2 = 0. (2.6)
Any Euler field takes the shape
E = (t1 + c1)∂1 + g(t2)∂2 for some c1 ∈ C (2.7)
and some function g(t2) ∈ C{t2}.
Remarks 2.9. (i) Also in the case m = 2 (2.4) gives an F-manifold,
and (2.5) gives an Euler field on it. But this F-manifold is just the
semisimple one. Its germ at 0 is not irreducible. And (2.5) does not
give all Euler fields on this F-manifold.
(ii) The classification of irreducible 3-dimensional germs of F-
manifolds is incomplete, even in the generically semisimple case. First
steps are done in [He02, 5.5].
(iii) In the case of a generically semisimple germ ((M, t0), ◦, e), the
automorphism group Aut((M, t0), ◦, e) is finite [He02, Theorem 4.14].
In the case of a germ of type I2(m) in the normal form in (2.4), it
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is cyclic of order m − 2, and it is generated by the automorphism
(t1, t2) 7→ (t1, e2pii/(m−2)t2). It respects any Euler field.
(iv) The automorphism group of the germ N2 is in the normal form
(2.6)
(Aut((M, 0), ◦, e) = {(t1, t2) 7→ (t1, f(t2)) | f(t2) ∈ C{t2}
with f(0) = 0, f ′(0) 6= 0}. (2.8)
(v) With such an automorphism, one can put the Euler field E in
(2.7) into a normal form within a family of normal forms, which has one
discrete and two complex parameters, so one can erase the dependence
on the functional parameter g(t2) ∈ C{t2} in (2.7). This will be treated
in [DH19-2].
All germs of semisimple F-manifolds and of 2-dimensional F-
manifolds have Euler fields. But already in dimension 3, there are
germs of F-manifolds with no Euler fields [He02, Theorem 5.29 (a),
Theorem 5.30 (a)(iv)]. In the case of irreducible germs of generically
semisimple F-manifolds, the following holds. This result is part of a
general discussion of existence of Euler fields on F-manifolds in [He02,
3.2].
Theorem 2.10. [He02, Lemma 3.4] Let M be a sufficiently small rep-
resentative of an irreducible germ (M, t0) of a generically semisimple F-
manifold. For any c ∈ C, there is a unique Euler field Ec onM−K such
that for t→ t0 all eigenvalues of E◦ tend to c. We have Ec = E0+c ·e.
The characteristic polynomial of Ec◦ extends continuously to K and has
the value (x− c)dimM at t0.
Here observe that the algebra (Tt0 , ◦|t0, e|t0) is irreducible, so any
endomorphism a ◦ |t0 for a ∈ Tt0M has only one eigenvalue. Therefore
if any Euler field exists on M , it arises by holomorphic extension to K
of some Ec.
The holomorphic extendability of the Euler field Ec to K depends on
the geometry of the analytic spectrum of the F-manifold, which will be
introduced now.
Definition 2.11. Let (M, ◦, e) be a complex manifold of dimension n
with a multiplication ◦ on the holomorphic tangent bundle and with a
unit field e.
(a) We need some standard data on T ∗M : Let prM : T
∗M → M
denote the projection. Let t = (t1, ..., tn) be local coordinates on M ,
and define ∂k := ∂/∂tk . Let y = (y1, ..., yn) be the fiber coordinates
on T ∗M which correspond to (∂1, ..., ∂n). Then the canonical 1-form
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α takes the shape
∑n
i=1 yidti, and ω = dα is the standard symplectic
form. The Hamilton vector field of f ∈ OT ∗M is
Hf =
n∑
k=1
( ∂f
∂tk
· ∂
∂yk
− ∂f
∂yk
· ∂
∂tk
)
. (2.9)
The Posson bracket {., .} on OT ∗M is defined by
{f, g} := Hf(g) = ω(Hf , Hg) = −Hg(f). (2.10)
(b) Define an ideal sheaf IM ⊂ OT ∗M as follows. We choose coordi-
nates tk and yk as in part (a) and such that e1 = ∂1. Write
∂i ◦ ∂j =
n∑
k=1
akij∂k with a
k
ij ∈ OM . (2.11)
Then
IM :=
(
y1 − 1, yiyj −
n∑
k=1
akijyk
) ⊂ OT∗M . (2.12)
The analytic spectrum (or spectral cover) LM := SpecanOM (TM, ◦) ⊂
T ∗M of (M, ◦, e) is as a set the set at which the functions in I vanish.
It is a complex subspace of T ∗M with complex structure given by
OLM = (OM/IM)|LM .
The analytic spectrum LM determines the multiplication on M and
the possible Euler fields. The projection LM → M is finite and flat
of degree dimM . All this is discussed in [He02, 2.2 and 3.2]. But the
following result was missed in [He02].
Theorem 2.12. [HMT09, 2.5 Theorem] A manifold (M, ◦, e) with mul-
tiplication ◦ on the tangent bundle and unit field e is an F-manifold if
and only if {IM , IM} ⊂ IM .
Remarks 2.13. (i) In the case of a manifold with a multiplication
and unit field, such that the multiplication is generically semisimple,
the restriction LM |M−K of LM to M − K is obviously smooth with
dimM sheets above M −K.
Theorem 3.2 in [He02] says that then LM is reduced everywhere, so
also above LM ∩ pr−1T ∗M→M(K).
(ii) In this situation, {IM , IM} ⊂ IM says that LM is at smooth
points a Lagrange submanifold of T ∗M .
(iii) But in the case of a manifold with multiplication and unit field,
such that the multiplication is nowhere semisimple, the analytic spec-
trum LM is nowhere reduced. Then IM is quite different from the
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reduced ideal
√IM . Especially, the conditions
{IM , IM} ⊂ IM and {
√
IM ,
√
IM} ⊂
√
IM (2.13)
do not imply one another. The second condition in (2.13) is equivalent
to the condition that LredM (the reduced space underlying LM ) is at
smooth points a Lagrange submanifold of T ∗M .
(iv) The examples 2.5.2 and 2.5.3 in [HMT09] are examples of F-
manifolds (so {IM , IM} ⊂ IM holds) with {
√IM ,
√IM} 6⊂
√IM , so
LredM is at smooth points not a Lagrange submanifold of T
∗M . We will
see in Theorem 6.7 that these F-manifolds do not carry (T )-structures
and therefore cannot be enriched to flat F-manifolds (or even Frobenius
manifolds).
(v) The other way round, there are manifolds (M, ◦, e) with multipli-
cation on the tangent bundle and unit field, which are not F-manifolds
(so {IM , IM} 6⊂ IM holds), but which satisfy {
√IM ,
√IM} ⊂
√IM , so
LM is at smooth points a Lagrange submanifold of T
∗M . One example
with n = 4 is as follows. M = C4,
IM = (y1 − 1, (y2 − t4y3)2, (y2 − t4y3)y3, y33, y4 − y23), (2.14)
e = ∂1, (∂2 − t4∂3)◦2 = 0, (∂2 − t4∂3) ◦ ∂3 = 0, ∂◦33 = 0, ∂◦23 = ∂4,√
IM = (y1 − 1, y2, y3, y4),
H(y2−t4y3)y3 = −y3
∂
∂t2
+ (−y2 + 2t4y3) ∂
∂t3
− y23
∂
∂y4
,
{(y2 − t4y3)y3, y4 − y23} = H(y2−t4y3)y3(y4 − y23) = −y23 /∈ IM ,
so {IM , IM} 6⊂ IM .
The second line gives the multiplication in a slightly implicit way.
For each t ∈ M the algebra (TtM, ◦|t, e|t) is irreducible. Obviously
{√IM ,
√IM} ⊂
√IM holds.
(vi) We are interested mainly in F-manifolds which carry (T )-
structures and can be enriched to flat F-manifolds (or even Frobenius
manifolds). They must satisfy both conditions in (2.13). This fol-
lows from Theorem 2.12 and Theorem 6.7. But it is not clear how
much stronger the existence of (T )-structures is than both conditions
in (2.13). Conjecture 7.2 says that any irreducible germ of a generically
semisimple F-manifold with Euler field underlies (TE)-structures, and
it says how many.
Remark 2.14. Although the classification of F-manifolds is far from
complete, in this paper we take the point of view that F-manifolds can
be generated fairly easily. One just has to provide in some way an
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analytic spectrum. The sections 2.2, 4.5, 5.1, 5.2 and 5.5 in [He02] give
tools for that. In this paper we are mainly interested in richer structures
above them, (TE)-structures or flat F-manifolds, in obstructions for
their existence and freedom in their choice. Here we will concentrate
mainly, but not only, on irreducible germs of generically semisimple
F-manifolds.
A generalization of the generically semisimple F-manifolds are the
generically regular F-manifolds.
Definition 2.15. [DH17, Definition 1.2] Let (M, ◦, e, E) be an F-
manifold with Euler field.
(a) The Euler field is regular at a point t ∈M if E ◦ |t : TtM → TtM
is a regular endomorphism, i.e. it has for each eigenvalue only one
Jordan block.
(b) The F-manifold with Euler field (M, ◦, e, E) is called a [generi-
cally] regular F-manifold if the Euler field is regular at all [respectively
at generic] points.
Theorem 1.3 in [DH17] provides a generalization of the canonical
coordinates of a semisimple F-manifold with Euler field to the case of
a regular F-manifold.
We expect that some of the results developed in the later sections in
this paper for generically semisimple F-manifolds with Euler fields can
be generalized to generically regular F-manifolds.
Remarks 2.16. (i) In order to be able to enrich an F-manifold to
a Frobenius manifold, the algebras (TtM, ◦|t, e|t) must be especially
Frobenius algebras.
(ii) A finite dimensional (commutative and associative) C-algebra
with unit is a Frobenius algebra if and only if a C-bilinear symmetric
non-degenerate pairing g on A with g(a◦b, c) = g(a, b◦c) for a, b, c ∈ A
exists. Such a pairing is called a multiplication invariant metric.
(iii) If A =
⊕l
k=1Ak is the decomposition into irreducible algebras
(with Ak1 ◦Ak2 = 0 for k1 6= k2), then a multiplication invariant metric
on A restricts to multiplication invariant metrics on the subalgebras
Ak. And an irreducible algebra A is a Frobenius algebra if and only if
its socle AnnA(mA) has dimension 1. Here mA is the maximal ideal in
A.
(iv) It is easy to give examples of F-manifolds M whose algebras
(TtM, ◦|t, e|t) are Frobenius algebras only outside some hypersurface
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H . Then a possible Frobenius manifold structure on M − H cannot
extend to H .
Remarks 2.17. These last remarks in this section give a panorama of
F-manifolds.
(i) Probably the most important nontrivial F-manifolds are those
F-manifolds M whose analytic spectrum LM is smooth. They are
generically semisimple, but at points of the caustic, they become in-
teresting. In [He02, Theorem 5.6] results of Ho¨rmander and Arnold
on Lagrange maps are translated into a 1:1-correspondence between
irreducible germs (M, t0) of generically semisimple F-manifolds with
smooth analytic spectrum and stable right equivalence classes of holo-
morphic function germs f : (Cn+1, 0)→ (C, 0) with isolated singularity
at 0. There the germ (M, t0) is the base space of a universal unfolding
of the hypersurface singularity. These objects have been studied a lot
in singularity theory.
(ii) A related family is the family of irreducible germs (M, t0) of
generically semisimple F-manifolds whose analytic spectrum LM is a
union of two smooth components which intersect transversely in codi-
mension 1. There is a 1:1-correspondence between such germs and
stable right equivalence classes of boundary singularities [He02, Theo-
rem 5.14]. This builds on work of Nguyen tien Dai and Nguyen huu
Duc. Again, (M, t0) arises as the base space of a universal unfolding of
a boundary singularity.
(iii) Long before the more general work in [KMS18], K. Saito [SaK79]
established on the complexified orbit spaces of the finite Coxeter groups
the structure of a Frobenius manifold with Euler field, where all data
are polynomial. This includes an F-manifold structure. Dubrovin
[Du96] recovered these Frobenius manifolds. The second author stud-
ied the underlying F-manifolds and related F-manifolds and proved a
conjecture of Dubrovin: A germ of a generically semisimple Frobenius
manifold with an Euler field with positive weights decomposes uniquely
into a product of germs at 0 of Frobenius manifolds from finite Coxeter
groups [He02, Theorem 5.25]
(iv) Subsection 5.5 in [He02] gives several families of germs (M, 0)
of generically semisimple 3-dimensional F-manifolds, with and with-
out Euler fields, some with (T0M, ◦|0, e|0) ∼= C[x]/(x3) (a Frobe-
nius algebra), some with (T0M, ◦|0, e|0) ∼= C[x, y]/(x2, xy, y2) (not a
Frobenius algebra). These two algebras are the only irreducible 3-
dimensional (commutative) C-algebras. Theorem 5.30 gives a com-
plete classification of irreducible germs of 3-dimensional F-manifolds
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with (T0M, ◦|0, e|0) ∼= C[x]/(x3) and whose analytic spectrum has 3
components.
(v) Givental’s paper on Lagrange maps [Gi88] contains implicitly
(via their analytic spectra) many families of generically semisimple F-
manifolds [He02, Remark 5.33].
3. Frobenius manifolds and slightly weaker structures
Dubrovin defined Frobenius manifolds in [Du92] and studied them in
[Du96], [Du99], [Du04] and many other papers. They arise in integrable
systems, in quantum cohomology and in singularity theory. One ver-
sion of mirror symmetry compares Frobenius manifolds from quantum
cohomology and from singularity theory.
In this section we define them together with slightly weaker struc-
tures, which had been defined by Manin [Ma05] long ago, but which
received some new attention because of relations to Painleve´ equations
and finite complex reflection groups.
We will say something about recent work of three groups, Arsie &
Lorenzoni, Kato & Kawakami & Mano & Sekiguchi, Konishi & Minabe
& Shiraishi.
Definition 3.1. (a) [Ma05] A flat F-manifold (M, ◦, e, D) is an F-
manifold (M, ◦, e) together with a flat and torsion free connection D
on the holomorphic tangent bundle TM which satisfies
D(CM) = 0, D(e) = 0. (3.1)
Here CM is the Higgs field on TM from the multiplication, i.e
CMX = X◦ : TM → TM for X ∈ TM . (3.2)
More explicitly, D(CM) = 0 says
DX(Y ◦)−DY (X◦) = [X, Y ] ◦ for X, Y ∈ TM . (3.3)
(b) A flat F-manifold with Euler field (M, ◦, e, E,D) is a flat F-
manifold (M, ◦, e, D) together with an Euler field E of the F-manifold
such that D•E : TM → TM, X 7→ DXE, is a flat endomorphism, i.e.
D(D•E) = 0.
(c) [Du92][Du96] A Frobenius manifold (M, ◦, e, g) is an F-manifold
(M, ◦, e) together with a holomorphic bilinear symmetric nondegener-
ate pairing g (called metric) on TM which is multiplication invariant,
i.e.
g(X ◦ Y, Z) = g(X, Y ◦ Z) for X, Y, Z ∈ TM , (3.4)
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and such that its Levi-Civita connection D together with the F-
manifold is a flat F-manifold (M, ◦, e, D).
(d) A Frobenius manifold with Euler field (M, ◦, e, E, g) is a Frobe-
nius manifold (M, ◦, e, g) together with an Euler field E of the F-
manifold such that
LieE(g) = (2− d) · g for some d ∈ C. (3.5)
Remarks 3.2. (i) If (M, ◦, e) is any manifold with multiplication on
the tangent bundle and unit field, and if D is any torsion free connec-
tion on TM with D(CM) = 0, then (M, ◦, e) is an F-manifold [He02,
Theorem 2.14]. Therefore the definitions above are slightly redundant.
The condition D(CM) = 0 is called potentiality because of (iv) and (v)
below.
(ii) In the presence of a metric g with (3.4), one has even an equiv-
alence [He02, Theorem 2.15]: Let (M, ◦, e, g) be a manifold with mul-
tiplication on the tangent bundle and unit field and metric g (so g is
a holomorphic bilinear symmetric nondegenerate pairing) with (3.4),
and let D be the Levi-Civita connection of g. Then D(CM) = 0 is
equivalent to (M, ◦, e) being an F-manifold and the 1-form g(., e) be-
ing closed.
(iii) These definitions do not stress the role of the D-flat vector fields,
therefore those in (c) and (d) look different from Dubrovin’s definitions.
But they are equivalent.
(iv) Locally in a flat F-manifold one can choose coordinates t =
(t1, ..., tn) with D-flat coordinate vector fields ∂k = ∂/∂tk and with e =
∂1. Let a
k
ij ∈ OM be the coefficients of the multiplication with respect
to these vector fields as in (2.11). Then the potentiality D(CM) = 0
gives
∂i(a
l
jk) = ∂j(a
l
ik), (3.6)
so locally there are functions blk ∈ OM with ∂i(blk) = alik. Now the
symmetry
∂i(b
l
k) = a
l
ik = a
l
ki = ∂k(b
l
i) (3.7)
gives locally a function cl ∈ OM with ∂icl = bli. The vector field∑
l c
l∂l is called a vector potential in [Ma05]. It satisfies ∂i ◦ ∂j =
[∂i, [∂j ,
∑
l c
l∂l]]. This shows the equivalence of the definition above of
a flat F-manifold with Definition 2.2 b) in [Ma05].
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(v) In the case of a Frobenius manifold one can integrate once more.
∂i∂jc
l = alij and (3.4) give locally a potential F ∈ OM with
∂i∂j∂kF = g(∂i ◦ ∂j , ∂k). (3.8)
In the case of quantum cohomology, this potential is the Gromov-
Witten potential of genus 0 Gromov-Witten invariants (without grav-
itational descendents), and there it is the starting point for the con-
struction of the Frobenius manifold.
(vi) But in singularity theory, one first has the F-manifold, and then
one constructs a flat metric and its Levi-Civita connection. A gen-
eral frame for this construction will be recalled below in Theorem 6.6.
The potential F from (v) or the vector potential
∑
l c
l∂l from (iv) do
not play any role in this approach to Frobenius manifolds and flat F-
manifolds.
Remarks 3.3. (i) Dubrovin’s paper [Du04] starts with the observation
that a Frobenius manifold with Euler field (M, ◦, e, E, g) gives rise to a
second structure (M −D, ∗, E, e, η) which is almost a Frobenius mani-
fold: Here D = {t ∈M | detE◦ = 0} is the discriminant (either empty
or a hypersurface), ∗ is a new multiplication ∗ with X∗Y := E−1◦X◦Y
and unit field E, and η is a new metric with η(X, Y ) = g(E−1 ◦X, Y ).
Then (M − D, ∗, E) satisfies all properties of a Frobenius manifold,
except that the new unit field E and the Levi-Civita connection D(η)
of η satisfy D
(η)
• E =
1−d
2
id, so for d 6= 1, E is not D(η)-flat. The old
unit field e satisfies compatibilities with ∗ and η different from those
of an Euler field.
(ii) Manin [Ma05] extended this duality to the case of flat F-
manifolds. On the dual side he had 1 parameter and a 1-parameter
family of connections.
(iii) David and Strachan [DS11] extended this duality further by
replacing the Euler field by an eventual identity and studied several
enrichments [DS14].
(iv) Arsie and Lorenzoni [Lo14] considered both structures together,
observed additional joint compatibility conditions, and called the total
structure bi-flat F-manifold.
(v) Konishi, Minabe and Shiraishi [KMS18] put this into a good
conceptual framework. Their Proposition 3.1 and Definition 3.5 allow
to identify the 1-parameter family of connections on the dual side as
the 1-parameter family of second structure connections in [He02, (9.10)
in Definition 9.3] with z = 0 and with parameter s.
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Also, they showed in Lemma 4.2 and Lemma 4.3 in [KMS18] that
and how a bi-flat F-manifold is equivalent to a flat F-manifold with
Euler field.
(v) Sabbah calls in [Sa02, VII Definition 1.1] a flat F-manifold with
Euler field a Saito structure without metric. [KMS18] and [KM19]
follow this notation. In [Sa02, VII Proposition 2.2] he states that a
Saito structure with metric is indeed a Frobenius manifold with Euler
field.
Remarks 3.4. (i) Kato, Mano and Sekiguchi [KMS15], Arsie and
Lorenzoni [AL17] and Konishi, Minabe and Shiraishi [KMS18] all es-
tablish and study the structures of flat F-manifolds with Euler field on
the orbit spaces of most finite complex reflection groups.
[KMS15] and [KMS18] establish them on all finite well-generated
complex reflection groups, [AL17] restricts to rank 2 and rank 3 groups.
All three papers are explicit about many rank 2 groups.
(ii) Before their papers, in the case of the F-manifolds I2(m) (m ≥ 3)
a 1-parameter family of flat F-manifolds with Euler fields was known,
which contains as one member a Frobenius manifold with Euler field.
[KMS15] and [AL17] found independently in the cases I2(m) with m
even that this is part of 2-parameter family, and that the flat F-
manifolds with Euler fields which are canonically associated to most
of the finite rank 2 complex reflection groups are members of the 2-
parameter family, which are not in the old 1-parameter family.
(iii) Theorem 6.6, Theorem 8.5 and Remark 8.8 below will show
that the old 1-parameter family for odd m and the new 2-parameter
family for even m comprise all flat F-manifolds with Euler fields over
the F-manifold I2(m). Conjecture 7.2 puts these families into a general
frame.
Remarks 3.5. (i) Dubrovin [Du96] had observed a relation between
3-dimensional semisimple Frobenius manifolds with Euler field and the
solutions of a 1-parameter subfamily of the (4-dimensional family of
the) Painleve´ VI equations.
(ii) Kato, Mano and Sekiguchi [KMS15, Corollary 4.16] and Loren-
zoni [Lo14, Theorem 4.1] found independently a generalization. They
observed a relation between 3-dimensional semisimple flat F-manifolds
with Euler field and generic solutions of all Painleve´ VI equations.
(iii) Arsie and Lorenzoni [AL15, Theorem 8.7 and Theorem 8.4] and
Kawakami and Mano [KM19, Theorem 4.6] generalized this further
to relations between 3-dimensional regular flat F-manifolds with Euler
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fields and generic solutions of all Painleve´ equations of types VI, V and
IV. And Kawakami and Mano [KM19, Theorem 5.4] also got relations
between 4-dimensional regular flat F-manifolds with Euler fields and
generic solutions of all Painleve´ equations of types VI, V, IV, III and II.
The following table gives more information. Here a tuple (a1, ..., al) ∈
Nl means that regular F-manifolds are considered where E◦ has at each
point l Jordan blocks of sizes a1, ..., al with different eigenvalues.
regular flat F-manifolds solutions of Painleve´
with Euler fields ↔ equations
dimension size of Jordan blocks type of the equations
3 (1,1,1) ↔ VI
3 (2,1) ↔ V
3 (3) ↔ IV
4 (1,1,1,1) ↔ VI
4 (2,1,1) ↔ V
4 (3,1) ↔ IV
4 (2,2) ↔ III
4 (4) ↔ II
Though it is not claimed that the correspondences are 1:1. [KM19]
speak of correspondences between generic objects on both sides. [Lo14]
and [AL15] say that the objects on the left hand side are parametrized
locally by solutions of the full Painleve´ equations.
(iv) Arsie and Lorenzoni consider on the left hand side bi-flat F-
manifolds. Due to [KMS18, Lemma 4.2 and Lemma 4.3] these are
equivalent to flat F-manifolds with Euler fields (Remark 3.3 (v)).
(v) The correspondences in the table above are beautiful. They moti-
vate a study of 3-dimensional (and 4-dimensional) F-manifolds beyond
[He02, 5.5].
4. A dictionary of connections with different
enrichments
Definition 3.1 considers 4 cases, flat F-manifolds without/with Euler
field and without/with metric. Theorem 6.6 will recall a well-known
recipe for the construction of these 4 structures.
This section defines and discusses structures which arise in this
recipe, holomorphic vector bundles with meromorphic connections with
certain properties and certain enrichments. This section can be seen
as a dictionary of these structures. It gives only definitions and ele-
mentary consequences. The structures had been considered before in
[HM04], and they are related to structures in [Sa02, VII] and in [Sa05].
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Definition 4.1. (a) Definition of a (T)-structure (H → C ×M,∇):
H → C×M is a holomorphic vector bundle. ∇ is a map
∇ : O(H)→ 1
z
OC×M · Ω1M ⊗O(H), (4.1)
which satisfies the Leibniz rule,
∇X(a · s) = X(a) · s+ a · ∇Xa for X ∈ TM , a ∈ OC×M , s ∈ O(H),
and which is flat with respect to X ∈ TM ,
∇X∇Y −∇Y∇X = ∇[X,Y ] for X, Y ∈ TM .
Equivalent: For any z ∈ C∗, the restriction of ∇ to H|{z}×M is a flat
holomorphic connection.
(b) Definition of a (TE)-structure (H → C×M,∇): H → C×M is
a holomorphic vector bundle. ∇ is a flat connection on H|C∗×M with a
pole of Poincare´ rank 1 along {0} ×M , so it is a map
∇ : O(H)→ (1
z
OC×M · Ω1M +
1
z2
OC×M · dz
)⊗O(H) (4.2)
which satisfies the Leibniz rule and is flat.
(c) Definition of a (TP)-structure (H → C ×M,∇, m, P ) of weight
m ∈ Z: Denote by j the holomorphic involution
j : P1 ×M → P1 ×M, (z, t) 7→ (−z, t). (4.3)
A (TP )-structure of weight m is a (T )-structure together with an
OC×M -bilinear (−1)m-symmetric ∇-flat pairing
P : O(H)× j∗O(H)→ zmOC×M , (4.4)
which is nondegenerate in the following sense: z−m ·P is nondegenerate
at each (z, t) ∈ C×M . Pointwise P is given by a C-bilinear form
P : Hz,t ×H−z,t → C for (z, t) ∈ C∗ ×M. (4.5)
which is nondegenerate and (−1)m-symmetric.
(d) Definition of a (TEP)-structure (H → C×M,∇, m, P ) of weight
m ∈ Z: It is simultaneously a (TE)-structure and a (TP )-structure
where P is ∇-flat.
(e) Definition of a (TL)-structure (H → P1 ×M,∇): H → P1 ×M
is a holomorphic vector bundle. ∇ is a map
∇ : O(H)→
(
1
z
OP1×M +OP1×M
)
· Ω1M ⊗O(H), (4.6)
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such that for any z ∈ P1−{0}, the restriction of ∇ to H|{z}×M is a flat
connection. It is called pure if for any t ∈M the restriction H|P1×{t} is
a trivial holomorphic bundle on P1.
(f) Definition of a (TLE)-structure (H → P1 ×M,∇): It is simulta-
neously a (TE)-structure and a (TL)-structure, where the connection
∇ has a logarithmic pole along {∞} × M . The (TLE)-structure is
called pure if the (TL)-structure is pure.
(g) Definition of a (TLP)-structure (H → P1×M,∇, m, P ) of weight
m ∈ Z: It is simultaneously a (TL)-structure and a (TP )-structure
where the pairing z−m · P extends to a holomorphic symmetric and
everywhere nondegenerate pairing
z−m · P : O(H)× j∗O(H)→ OP1×M . (4.7)
The (TLP )-structure is called pure if the (TL)-structure is pure.
(h) Definition of a (TLEP)-structure (H → P1 × M,∇, m, P ) of
weight m ∈ Z: It is simultaneously a (TEP )-structure, a (TLE)-
structure and a (TLP )-structure. It is called pure if the (TL)-structure
is pure.
Remark 4.2. Here we fix some useful conventions how to represent
endomorphisms and bilinear forms by matrices. An endomorphism
f : V → V of a vector space V of dimension r ∈ N is after the choice
of a basis v = (v1, ..., vr) of the vector space represented by the matrix
fmat = (fmatij ) ∈Mr×r(C) with
f(v) = v · fmat := (
r∑
i=1
fmati1 · vi, ...,
r∑
i=1
fmatir · vi). (4.8)
This way (contrary to the transpose way) has the advantage that for
two endomorphisms f and g (f ◦ g)mat = fmat · gmat. And an abstract
vector
∑r
i=1 xivi = v · x with x = (x1...xr)t is represented in Mr×1(C)
by this column vector x, and fmat · x represents f(v · x).
A bilinear form h : V × V is represented by the matrix
h(vt, v) := (h(vi, vj)). (4.9)
Then h(f(v)t, g(v)) = (fmat)t ·h(vt, v) · gmat. These conventions are for
example also used in [Ko87].
Remarks 4.3. Here we write the data in Definition 4.1 (a)–(d) and the
compatibility conditions between them in terms of matrices. Consider
a (TEP )-structure (H → C ×M,∇, m, P ) of weight m ∈ Z and rank
rkH = r ∈ N. We will fix the notations for a trivialization of the bundle
H|V×M for some small neighborhood V ⊂ C of 0. Trivialization means
MEROMORPHIC CONNECTIONS OVER F -MANIFOLDS 21
the choice of a basis v = (v1, ..., vr) of the bundle H|V×M . Choose local
coordinates t = (t1, ..., tn) with coordinate vector fields ∂i = ∂/∂ti on
M . We write
∇v = v · Ω with
Ω =
r∑
i=1
z−1 · Ai(z, t)dti + z−2B(z, t)dz, (4.10)
Ai(z, t) =
∑
k≥0
A
(k)
i z
k ∈Mr×r(OV×M), (4.11)
B(z, t) =
∑
k≥0
B(k)zk ∈Mr×r(OV×M), (4.12)
and
z−m · P (vt, v) = Pmat(z, t) =
∑
k≥0
Pmat,(k)zk ∈Mr×r(OV×M) (4.13)
with (Pmat,(k))t = (−1)k · Pmat,(k), (4.14)
and A
(k)
i , B
(k), Pmat,(k) ∈ OM , but this dependence on t ∈M is usually
not written explicity. The matrix Pmat,(0) is by hypothesis nondegen-
erate at each t ∈M .
The flatness 0 = dΩ + Ω ∧ Ω of the connection ∇ says for i, j ∈
{1, ..., n} with i 6= j
0 = z∂iAj − z∂jAi + [Ai, Aj ], (4.15)
0 = z∂iB − z2∂zAi + zAi + [Ai, B]. (4.16)
These equations split into the parts for the different powers zk for k ≥ 0
as follows (with A
(−1)
i = B
(−1) = 0),
0 = ∂iA
(k−1)
j − ∂jA(k−1)i +
k∑
l=0
[A
(l)
i , A
(k−l)
j ], (4.17)
0 = ∂iB
(k−1) − (k − 2)A(k−1)i +
k∑
l=0
[A
(l)
i , B
(k−l)]. (4.18)
The flatness of P is expressed by
z∂iP
mat(z, t) = Ati(z, t)P
mat(z, t)− Pmat(z, t)Ai(−z, t), (4.19)
z2∂zP
mat(z, t) = −m · zPmat(z, t) (4.20)
+Bt(z, t)Pmat(z, t)− Pmat(z, t)B(−z, t).
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These equations split into the parts for the different powers zk for k ≥ 0
as follows (with Pmat,(−1) = 0),
∂iP
mat,(k−1) =
k∑
l=0
(
(A
(l)
i )
tPmat,(k−l) − (−1)lPmat(k−l)A(l)i
)
, (4.21)
(k − 1 +m)Pmat,(k−1) =
k∑
l=0
(
(B(l))tPmat,(k−l)
−(−1)lPmat,(k−l)B(l)
)
. (4.22)
In the case of a (TE)-structure, Pmat and all equations which con-
tain it are dropped. In the case of a (TP )-structure, the summand
z−2B(t, z)dz in Ω and all equations except (4.10) which contain B are
dropped. In the case of a (T )-structure, B and P and all equations
except (4.10) which contain them are dropped.
Consider a second (TEP )-structure (H˜ → C×M, ∇˜, m, P˜ ) of weight
m ∈ Z over M , where all data (except M and m) are written with a
tilde. Let v and v˜ be trivializations. A holomorphic isomorphism
from the first to the second (TEP )-structure maps v · T to v˜, where
T = T (z, t) =
∑
k≥0 T
(k)zk ∈ Mr×r(O(C,0)×M ) with T (k) ∈ Mr×r(OM)
and T (0) invertible satisfies
v · Ω · T + v · dT = ∇(v · T ) = v · T · Ω˜, (4.23)
T t · Pmat · T = z−mP ((v · T )t, v · T ) = z−mP˜ (v˜t, v˜) = P˜mat. (4.24)
(4.23) says more explicitly
0 = z∂iT + Ai · T − T · A˜i, (4.25)
0 = z2∂zT +B · T − T · B˜. (4.26)
These equations split into the parts for the different powers zk for k ≥ 0
as follows (with T (−1) := 0):
0 = ∂iT
(k−1) +
k∑
l=0
(A
(l)
i · T (k−l) − T (k−l) · A˜(l)i ), (4.27)
0 = (k − 1)T (k−1) +
k∑
l=0
(B(l) · T (k−l) − T (k−l) · B˜(l)), (4.28)∑
i,j≥0: i+j≤k
(T (i))t · Pmat,(k−i−j) · T (j) = P˜mat,(k). (4.29)
Definition 4.4 (a)–(d) fixes structures which are induced canonically
from the structures in Definition 4.1 (a)–(d). Definition 4.4 (e)–(h) fixes
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structures which are induced after some choice from the structures in
Definition 4.1 (a)–(d), see Lemma 4.5.
Definition 4.4. (a) A Higgs bundle (K → M,C) is a holomorphic
vector bundle K → M with an OM -linear map C : O(K) → Ω1M ⊗
O(K) with C ∧C = 0, i.e. the holomorphic endomorphisms CX : K →
K and CY : K → K commute,
CXCY = CYCX for X, Y ∈ TM . (4.30)
C is called a Higgs field.
(b) A Higgs bundle with Euler endomorphism (K → M,C,U) is a
Higgs bundle (K → M,C) together with a holomorphic endomorphism
U : K → K with CU = UC, i.e.
CXU = UCX for X ∈ TM . (4.31)
(c) A Higgs bundle with metric (K → M,C, g) is a Higgs bundle
(K → M,C) with a holomorphic C-bilinear symmetric and nondegen-
erate pairing g : Kt ×Kt → C for t ∈M with
g(CXa, b) = g(a, CXb) for X ∈ TM , a, b ∈ O(K). (4.32)
(d) A Higgs bundle with Euler endomorphism and metric (K →
M,C,U , g) is simultaneously a Higgs bundle with Euler endomorphism
and a Higgs bundle with metric, with the additional compatibility con-
dition
g(Ua, b) = g(a,Ub) for a, b ∈ O(K). (4.33)
(e) A Higgs bundle with good connection (K → M,C,D) is a Higgs
bundle (K → M,C) with a holomorphic connection D on K which
satisfies the potentiality condition D(C) = 0, i.e.
DX(CY )−DY (CX) = C[X,Y ] for X, Y ∈ TM . (4.34)
(f) A good pair (U , Q) of endomorphisms on a Higgs bundle with
good connection (K → M,C,D) consists of two holomorphic endo-
morphisms U : K → K and Q : K → K with CU = UC (i.e. (4.31))
and
0 = D(U)− [C,Q] + C. (4.35)
(g) A Higgs bundle with good connection and metric and second order
pairing (K →M,C,D, g, g(1)) is a Higgs bundle with good connection
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D and metric g and a holomorphic C-bilinear skew-symmetric pairing
g(1) : Kt ×Kt → C for t ∈M with
DX(g)(a, b)
(
= DX(g(a, b))− g(DXa, b)− g(a,DXb)
)
(4.36)
= g(1)(CXa, b)− g(1)(a, CXb) for X ∈ TM , a, b ∈ O(K).
(h) A Higgs bundle with good connection and good pair of endo-
morphisms and metric and second order pairing and weight m ∈ Z
(K → M,C,D,U , Q, g, g(1), m) is simultaneously a Higgs bundle with
good connection and good pair of endomorphisms and a Higgs bundle
with good connection and metric and second order pairing, with the
following additional compatibility conditions,
g(Qa, b) + g(a,Qb) +mg(a, b) (4.37)
= g(1)(Ua, b)− g(1)(a,Ub) for a, b ∈ O(K).
Lemma 4.5. (a) A (T )-structure (H → C ×M,∇) induces a Higgs
bundle (K →M,C) with K := H|{0}×M and C := [z∇].
(b) Given a (TE)-structure (H → C × M,∇), the endomorphism
U := [z∇z∂z ] : K → K is an Euler endomorphism on the Higgs bundle
from (a).
(c) Given a (TP )-structure (H → C×M,∇, m, P ), the pairing g :=
(z−m ·P )|K×K on K is a metric on the Higgs bundle (K → M,C) from
(a).
(d) Given a (TEP )-structure (H → C×M,∇, m, P ), the data from
(a), (b) and (c) form a Higgs bundle with Euler endomorphism and
metric (K →M,C,U , g).
(e) A (T )-structure (H → C×M,∇) and a basis v = (v1, ..., vr) of
H|V×M for some neighborhood V ⊂ C of 0 induce a good connection D
on the Higgs bundle (K → M,C) from (a). With the notations from
Remark 4.3 and with w := v|{0}×M it is given by
D(w) := w ·
n∑
i=1
A
(1)
i dti. (4.38)
(f) A (TE)-structure (H → C ×M,∇) and a basis v = (v1, ..., vr)
of H|V×M for some neighborhood V ⊂ C of 0 induce a holomorphic
endomorphism Q : K → K such that U from (b) and Q form a good
pair (U , Q) of endomorphisms on the Higgs bundle from (a) with good
connection D from (e). With the notations from Remark 4.3 and with
w := v|{0}×M , Q is given by
Q(v|{0}×M) := v|{0}×M · (−B(1)). (4.39)
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(g) A (TP )-structure (H → C × M,∇, m, P ) and a basis v =
(v1, ..., vr) of H|V×M for some neighborhood V ⊂ C of 0 induce on
the Higgs bundle from (a) with metric from (c) and good connection
from (e) a second order pairing g(1). With the notations from Remark
4.3 and with w := v|{0}×M , Q is given by
g(1)(wt, w) = Pmat,(1). (4.40)
(h) In the case of a (TEP )-structure (H → C×M,∇, m, P ) and a
basis v = (v1, ..., vr) of H|V×M for some neighborhood V ⊂ C of 0, the
data in (a)–(g) give a Higgs bundle with good connection and good pair
of endomorphisms and metric and second order pairing and weight m
(K → M,C,D,U , Q, g, g(1), m).
Proof: Throughout the proof, M is supposed to be small enough so
that a coordinate system t = (t1, ..., tn) on M can and will be chosen,
with coordinate vector fields ∂i := ∂/∂ti. And a basis v of H|V×M for
some neighborhood V ⊂ C of 0 is fixed. The notations from Remark
4.3 are used. The restriction of the basis v to K = H|{0}×M is denoted
by w.
(a) The endomorphism C∂i is given by C∂iw = w ·A(0)i . The part for
k = 0 of (4.17) is [A
(0)
i , A
(0)
j ] = 0 and gives (4.30).
(b) The endomorphism U is given by U(w) = w · B(0). The part for
k = 0 of (4.18) is [A
(0)
i , B
(0)] = 0 and gives (4.31).
(c) The metric g is given by g(wt, w) = Pmat,(0). The part for k = 0
of (4.21) is (A
(0)
i )
tPmat,(0) = Pmat,(0)A
(0)
i and gives (4.32).
(d) The part for k = 0 of (4.22) is (B(0))tPmat,(0) = Pmat,(0)B(0) and
gives (4.33).
(e) The connection D is given by D∂iw = w ·A(1)i . The part for k = 1
of (4.17) is
0 = ∂iA
(0)
j − ∂jA(0)i + [A(0)i , A(1)j ] + [A(1)i , A(0)j ]
and gives (4.34)
(f) The endomorphism Q is given by Q(w) = w · (−B(1)). The part
for k = 1 of (4.18) is
0 = ∂iB
(0) + A
(0)
i + [A
(0)
i , B
(1)] + [A
(1)
i , B
(0)]
and gives (4.35). In (b) (4.31) was proved.
(g) The pairing g(1) is skew-symmetric because of (4.14). The part
for k = 1 of (4.21) is
∂iP
mat,(0) = (A
(0)
i )
tPmat,(1)−Pmat,(1)A(0)i +(A(1)i )tPmat,(0)+Pmat,(0)A(1)i
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and gives (4.36).
(h) The part for k = 1 of (4.22) is
mPmat,(0) = (B(0))tPmat,(1)−Pmat,(1)B(0)+(B(1))tPmat,(0)+Pmat,(0)B(1)
and gives (4.37). 
The next definition introduces formal (T )-structures and the natural
enrichments. One reason is that in a quest for classification or normal
forms, it is easier to deal first with formal (T )-structures and only
later care about the convergence in z. Another one is that there is a
decomposition result for formal (T )-structures over a reducible germ of
an F-manifold [DH20], but not for (T )-structures.
Definition 4.6. Let M be a complex manifold.
(a) The sheaf OM [[z]] on M is defined by OM [[z]](V ) := OM(V )[[z]]
for an open subset V ⊂M (with OM(V ) and OM [[z]](V ) the sections of
OM and OM [[z]] on V ). Observe that the germ (OM [[z]])t0 for t0 ∈M
consists of power series
∑
k≥0 fkz
k whose coefficients fk ∈ OM,t0 have a
common convergence domain. In the case of (M, t0) = (Cn, 0) we write
OCn [[z]]0 =: C{t, z]].
(b) A formal (T )-structure over M is a free OM [[z]]-module O(H)
of some finite rank r ∈ N together with a map ∇ as in (4.1) where
OC×M is replaced by OM [[z]] which satisfies properties analogous to ∇
in Definition 4.1 (a), i.e. the Leibniz rule for X ∈ TM , a ∈ OM [[z]], s ∈
O(H) and the flatness condition for X, Y ∈ TM .
A formal (TE)-structure, a formal (TP )-structure and a formal
(TEP )-structure are defined analogously: In Definition 4.1 (b)–(d) one
has to replace OC×M by OM [[z]]. In (c), nondegeneracy of z−m · P is
only required at (0, t) ∈ {0} ×M .
Remarks 4.7. (a) The formulas in the Remarks 4.3 hold also for for-
mal (T )-structures, formal (TE)-structures, formal (TP )-structures
and formal (TEP )-structures if one replaces OC×M , OV×M and
O(C,0)×M by OM [[z]].
(b) Lemma 4.5 is also valid if one starts with formal (T )-structures,
formal (TE)-structures, formal (TP )-structures and formal (TEP )-
structures. In Lemma 4.5 (e)–(h) v = (v1, ..., vr) is a OM [[z]]-basis of
O(H).
5. From (T )-structures to pure (TL)-structures
Definition 4.1 (e)–(h) presented extensions to {∞} ×M of the vector
bundles in Definition 4.1 (a)–(d) with good properties along {∞}×M .
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We discuss these extensions here. We start with the following basic
existence result Theorem 5.1 (a) which allows to extend (in many ways)
a (T )-structure to a pure (TL)-structure. Theorem 5.1 (b) gives a
version for (TP )-structures. Theorem 5.1 (c) and (d) are weaker. They
start already with pure structures over {t0} and give just extensions to
(M, t0). A (TE)-structure over a point is not always extendable to a
pure (TLE)-structure over a point. This is discussed in the Remarks
5.4 and Example 5.5.
Theorem 5.1. (a) Let (H → C×M,∇) be a (T)-structure with r =
rkH ∈ N. Let t0 ∈ M . Let v0 = (v01, ..., v0r) be a C{z}-basis of the
germ at 0 of the sheaf O(H|C×{t0}) of sections of the restriction of H
to C× {t0}.
Then for a suitable neighborhood U ⊂ M of t0 an extension (Ĥ →
P1 × U,∇) of (H|C×U ,∇) exists which is a pure (TL)-structure and
such that v0 extends to a basis of global sections of Ĥ.
(b) If the (T )-structure in (a) is enriched by a pairing P to a (TP )-
structure of some weight m ∈ Z, one can choose the basis in v0 such
that Pmat(t0) = Pmat,(0)(t0). The extension in (a) induced by this basis
is a pure (TLP )-structure.
(c) Let us start in Theorem 5.1 (a) with a (TE)-structure and a global
basis v0 of H|C×{t0} which defines an extension to a bundle on P1 with
a logarithmic pole at ∞, so a pure (TLE)-structure over the point t0.
Then the bundle (Ĥ,∇) in Theorem 5.1 (a) is a pure (TLE)-structure.
(d) Let us start in Theorem 5.1 (a) with a (TEP )-structure and a
global basis v0 of H|C×{t0} with the properties in (b) and (c). Then the
bundle (Ĥ,∇) in Theorem 5.1 (a) is together with P a pure (TLEP )-
structure.
The proof will come after Corollary 5.3. In fact, the parts (c) and
(d) are known. They can be derived from [Sa02, VI Theorem 2.1 and
Proposition 2.7]. But the short proofs below of (c) and (d) are conve-
nient. The Remarks 5.2 tell how the formulas in Remark 4.3 specialize
in the case of pure (TL)-structures and enrichments of them.
Remarks 5.2. (i) We start with the richest structure and then say
which pieces have to be dropped in the cases of weaker structures.
Let (H → P1 ×M,∇, m, P ) be a pure (TLEP )-structure of weight
m ∈ Z. Choose M sufficiently small. Then a global basis v of sections
on H on P1 ×M exists whose restrictions to H|{∞}×M are ∇res,∞-flat.
Here ∇res,∞ denotes the restriction to H|{∞}×M of the connection of
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the pure (TL)-structure. The connection ∇ takes with respect to this
basis the shape
∇v = v · Ω,
Ω =
r∑
i=1
z−1 · A(0)i (t)dti + (z−2B(0) + z−1B(1))dz. (5.1)
Here Ai = A
(0)
i because the restriction of the basis v to H|{∞}×M is
∇res,∞-flat. And B = B(0) + zB(1) because the pole along {∞}×M is
logarithmic. Therefore the flatness conditions 0 = dΩ+Ω∧Ω in (4.17)
and (4.18) boil here down to
[A
(0)
i , A
(0)
j ] = 0, (5.2)
∂iA
(0)
j − ∂jA(0)i = 0, (5.3)
[A
(0)
i , B
(0)] = 0, (5.4)
∂iB
(0) + A
(0)
i + [A
(0)
i , B
(1)] = 0, (5.5)
∂iB
(1) = 0. (5.6)
The pairing takes the shape
z−m · P (vt, v) = Pmat,(0). (5.7)
Here Pmat = Pmat,(0), because the basis is global and the matrix of
values Pmat is holomorphic on P1 ×M , so constant in the direction of
z. The flatness conditions in (4.21) and (4.22) for P boil here down to
(A
(0)
i )
tPmat,(0) − Pmat,(0)A(0)i = 0, (5.8)
∂iP
mat,(0) = 0, (5.9)
(B(0))tPmat,(0) − Pmat,(0)B(0) = 0, (5.10)
(−m)Pmat,(0) + (B(1))tPmat,(0) + Pmat,(0)B(1) = 0. (5.11)
(ii) In the case of a pure (TLE)-structure, one drops Pmat and g and
g(1). In the case of a pure (TLP )-structure, one drops B and U and Q.
In the case of a pure (T )-structure, one drops Pmat and B and g, g(1),
U and Q.
The formulas in Remark 5.2 (i) tell immediately how the data in
Lemma 4.5 specialize in the case of a pure (TL)-structure and enrich-
ments of it.
Corollary 5.3. Let (H → P1 × M,∇, m, P ) be a pure (TLEP )-
structure of weight m ∈ Z. Choose M sufficiently small. Consider
a basis v as in Remark 5.2 (i), and consider the data D,Q, g(1) in
Lemma 4.5 (e)–(h) which are induced by this basis v.
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(a) They do not depend on this basis.
(b) The connection D in Lemma 4.5 (e) is flat, and the basis w =
v|{0}×M of the Higgs bundle K = H|{0}×M is D-flat, D(w) = 0. The
skew-symmetric second order pairing g(1) is equal to 0. The metric g is
D-flat, D(g) = 0. The endomorphism Q + m
2
id is D-flat, D(Q) = 0,
and antisymmetric,
g((Q+
m
2
id)a, b) = −g(a, (Q+ m
2
id)b) for a, b ∈ O(H). (5.12)
(c) In the case of a pure (TLE)-structure, one drops g and g(1). In
the case of a pure (TLP )-structure, one drops U and Q. In the case of
a pure (T )-structure, one drops g, g(1), U and Q.
Proof: (a) Any other basis with the same properties consists of
linear combinations of v. This does not change the data in Lemma 4.5.
(b) This follows from the formulas in Remark 5.2 (i). 
Proof of Theorem 5.1: (a) The basis v0 of the germ at 0 ofH|C×{t0}
is a basis of H|U1×{t0} for a suitable neighborhood U1 ⊂ C of 0. Let
U2 ⊂M be a contractible neighborhood of t. We consider two different
extensions of the sections v0i .
The sections v0i extend uniquely to sections v
flat
i of H|(U1−{0})×U2
with ∇vflati = 0. Together they form a basis vflat of H|(U1−{0})×U2 .
On the other hand, holomorphic extensions vholi exist which together
form a basis of the germ of H at (0, t0).
Suppose that U1 and U2 are chosen small enough so that v
hol =
(vhol1 , .., v
hol
r ) is a basis of H|U1×U2 . Consider the base change matrix
Ψ ∈ GLr(O(U1−{0})×U2) with
vhol = vflat ·Ψ (5.13)
It satisfies Ψ(z, t0) = 1r. By Birkhoff factorization (e.g. [Ma83b,
Proposition 4.1]) and possibly after shrinking U2, there are unique ma-
trices Ψ0 ∈ GLr(OU1×U2) and Ψ∞ ∈ GLr(O(P1−{0})×U2) such that
Ψ = Ψ∞ · (Ψ0)−1, Ψ∞(∞, t) = 1r for any t ∈ U2. (5.14)
Define the tuple of sections
v := vflat ·Ψ∞ = vhol ·Ψ0. (5.15)
It is a holomorphic basis of H|U1×U2 (just as vhol).
We claim that the matrix valued connection 1-form Ω with∇v = v·Ω
satisfies (5.1) (without B(0) and B(1)). The reason is
∇v = vflat · dΨ∞ = v · (Ψ∞)−1 · dΨ∞
= ∇(vhol) ·Ψ0 + v · (Ψ0)−1 · dΨ0.
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The second line says that Ω has at most a pole of order 1 along {0}×M .
The first line says that Ω is holomorphic on (P1−{0})×M and vanishes
along {∞} ×M .
Therefore the tuple v defines an extension of H|U1×U2 to a pure (TL)-
structure Ĥ → P1 × U2.
(b) As Pmat,(0)(t0) is symmetric and nondegenerate, the existence of
a basis v0 with Pmat(t0) = Pmat,(0)(t0) is elementary linear algebra.
(4.21) and Ai = A
(0)
i and P
mat,(k)(t0) = 0 for k ≥ 1 show by an
induction in the degrees of the monomials in (ti − t0i ) in the power
series expansions of the entries of Pmat,(k) that Pmat is constant, Pmat =
Pmat,(0)(t0). Therefore z−m · P is nondegenerate at each (z, t) ∈ P1 ×
M . Therefore P enriches the pure (TL)-structure to a pure (TLP )-
structure.
(c) By hypothesis B(z, t0) = B(0)(t0) + zB(1)(t0). (4.18) and Ai =
A
(0)
i and an induction in the degrees of the monomials in (ti − t0i )
in the power series expansions of the entries of B(k) for k ≥ 1 show
B(1) = B(1)(t0) and B(k) = 0 for k ≥ 2.
(d) This follows from (b) and (c). 
It is very pleasant that an extension of a (T )-structure to a pure
(TL)-structure comes for free, and also an extension of a (TP )-
structure to a pure (TLP )-structure. But for (TE)-structures and
(TEP )-structures, the situation is different. Theorem 5.1 (c) (and (d))
gives only a relative result: a (TE)-structure whose restriction to t0
extends to a pure (TLE)-structure extends also over (M, t0) to a pure
(TLE)-structure.
Remarks 5.4. (Birkhoff problem) (i) But there are (TE)-structures on
M = {t0} which do not allow an extension to a pure (TLE)-structure.
The extension problem is a special case of the Birkhoff problem, which
itself is a special case of the Riemann-Hilbert-Birkhoff problem. The
book [AB94] and chapter IV in the book [Sa02] are devoted to these
problems and results on them.
(ii) An important solution of the problem of extending a (TE)-
structure over M = {t0} to a pure (TLE)-structure was given im-
plicitly by M. Saito in [SaM89]. Explicitly Saito solved in [SaM89]
a Riemann-Hilbert-Birkhoff problem for a Fourier-Laplace dual of a
(TE)-structure with a regular singular pole at 0. This solution is also
explained in [He02, 7.4]. Sabbah [Sa98][Sa02, IV 5.b.] gave a similar
result for an arbitrary (TE)-structure.
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Both results give certain sufficient conditions for the extendability
of a (TE)-structure over M = {t0} to a pure (TLE)-structure. The
conditions are formulated in terms of existence of a second filtration
which is monodromy invariant and opposite to a first filtration which
is defined by the (TE)-structure. Both filtrations live on the space of
global flat multivalued sections of H|C∗.
In Saito’s result, the first filtration arises from comparing the regu-
lar singular germ O(H)0 with a V-filtration at 0. In Sabbah’s result,
the first filtration arises from comparing the space O(H)(C) of global
sections with a V-filtration at ∞.
In the geometric cases (isolated hypersurface singularities respec-
tively tame functions on affine manifolds) the first filtrations are Hodge
filtrations of mixed Hodge structures. They have indeed opposite fil-
trations which are monodromy invariant.
If the (TE)-structure has a logarithmic pole at 0, the filtrations
in Saito’s and Sabbah’s result coincide and the existence of an oppo-
site and monodromy invariant filtration is a sufficient and necessary
condition for the extendability of the (TE)-structure to a pure (TLE)-
structure.
(iii) Example 5.5 is the simplest family of examples of a (TE)-
structure over M = {t0} with a logarithmic pole at 0 where this con-
dition is not satisfied and which therefore does not allow an extension
to a pure (TLE)-structure.
Example 5.5. Let (H ′ → C∗,∇) be a holomorphic vector bundle of
rank r = 2 with a flat connection whose monodromy has only one
eigenvalue λ ∈ C∗ and a 2× 2 Jordan block. Write the monodromy as
Mmon =Ms ·Mu with semisimple part Ms and unipotent part Mu and
nilpotent part N = logMu. Let A1, A2 be a basis of the space of global
flat multivalued sections with N(A2) = −2pii · A1 and N(A1) = 0.
Choose α ∈ C with e−2piiα = λ and choose k ∈ N. The sections
v1 := (z 7→ zαA1) and (5.16)
v2 := (z 7→ zα+ke− log z N2piiA2) (5.17)
are univalued and holomorphic and of moderate growth. The sheaf
O(H) := OC · v1 +OC · v2 is the sheaf of sections of an extension of H ′
to a (TE)-structure with a logarithmic pole at 0,
∇z∂z(v1, v2) = (v1, v2) ·
(
α zk
0 α + k
)
(5.18)
The filtration {0} ⊂ C · A1 ⊂ C · A1 ⊕ C · A2 on the space of global
flat multivalued sections does not have an opposite and monodromy
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invariant filtration. Therefore the (TE)-structure does not allow an
extension to a pure (TLE)-structure.
We conclude this section with a result which concerns formal iso-
morphisms between holomorphic (T )-structures over an arbitrary germ
(M, t0).
Theorem 5.6. Let (H → C ×M,∇) and (H˜ → C ×M, ∇˜) be two
holomorphic (T)-structures over the same manifold M . Let v and v˜
be bases of O(H)(0,t0) and O(H˜)(0,t0) at the same point t0 ∈ M . Let
T ∈ GLr(OM,0[[z]]) define a formal isomorphism between the (formal-
ized with respect to z) germs at (0, t0) of the first and the second (T)-
structure which maps v ·T to v˜ and which satisfies T |t=t0 ∈ GLr(C{z}).
Then T is holomorphic, so in GLr(O(C×M,(0,t0))), and the two (T)-
structures are holomorphically isomorphic.
Proof: We apply Theorem 5.1 (a). By changing the bases holo-
morphically, we can suppose the following: v is a global basis of a
pure (TL)-structure which extends H(1) and which is ∇res,∞-flat along
{∞} × M . Similarly, v˜ is a global basis of a pure (TL)-structure
which extends H˜ and which is ∇˜res,∞-flat along {∞} ×M . Finally,
T |t=t0 = 1r. Then by Remark 5.2
Ai = A
(0)
i , A˜i = A˜
(0)
i (5.19)
and by (4.25)
0 = z∂iT + A
(0)
i T − TA˜(0)i . (5.20)
An inductive argument will show T = 1r. Suppose t
0 = 0. For
a = (a1, ..., an) ∈ Nn0 define ta := ta11 ...tann and |a| :=
∑n
i=1 ai ∈ N0.
Write
T =
∑
(k,a)
T(k,a) · zkta,
A
(0)
i =
∑
a
Ai,(0,a) · ta,
A˜
(0)
i =
∑
a
A˜i,(0,a) · ta.
The condition T |t=t0 = 1r is
T(0,0) = 1r, T(k+1,0) = 0 for k ≥ 0. (5.21)
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The coefficient of zk+1ta in (5.20) is (with ei = (δij)j=1,...,n ∈ Nn0 )
0 = (ai + 1)T(k,a+ei) (5.22)
+
∑
b: 0≤bj≤aj ∀ j
Ai,(0,b) · T(k+1,a−b)
−
∑
b: 0≤bj≤aj ∀ j
T(k+1,a−b)A˜i,(0,b).
Now we define an incomplete order ≺ on the set {(k, a) | k ∈ N0, a ∈
N
n
0} as follows:
(k, a) ≺ (l, b) ⇐⇒
{
k + |a| < l + |b| or
k + |a| = l + |b| and k > l. (5.23)
We say that T(k,a) is older than T(l,b) if (k, a) ≺ (l, b). (5.22) implies
that T(k,a+ei) is 0 if all older T(l,b) are 0 except T(0,0) (which is 1r). So,
inductively T = 1r follows. 
We do not know whether one can drop in Theorem 5.6 the condition
T |t=t0 ∈ GLr(C{z}).
The following corollary allows in many cases to lift a formal classifi-
cation without work to a holomorphic classification.
Corollary 5.7. Let (H → C ×M,∇) and (H˜ → C ×M, ∇˜) be two
holomorphic (TE)-structures over the same manifold M . Let t0 ∈ M .
Suppose that the restriction of at least one of the two (TE)-structures
to t0 is regular singular.
Then any formal isomorphism between the (TE)-structures over the
germ (M, t0) is holomorphic.
Proof: Choose bases v and v˜ of O(H)(0,t0) and O(H˜)(0,t0). At least
one of them has moderate growth when restricted to (C, 0)×{t0}. Then
the matrix T of a formal isomorphism which maps v · T to v˜ satisfies
T |t=t0 ∈ GLr(C{z}). One applies Theorem 5.6. 
6. Freedom and constraints in the steps from
F-manifolds to Frobenius manifolds
Theorem 6.6 below recalls a well-known recipe for the construction
of flat F-manifolds without/with Euler field and without/with metric.
In the case of a flat F-manifold, one builds up structures in 4 steps:
(I)(a) The F-manifold M .
(II)(a) A (T )-structure over the F-manifold M (Definition 6.5).
(III)(a) An extension of the (T )-structure to a pure (TL)-structure.
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(IV)(a) A choice of a primitive section which allows to shift ∇res,∞ to
TM . This gives the flat structure of the flat F-manifold.
This recipe had been used in the singularity case [SaM89] (see also
[He02][Sa02]) for the construction of Frobenius manifolds with Euler
fields.
The recipe has the same 4 steps in all 4 cases, flat F-manifolds with-
out/with Euler fields and without/with metrics. But the freedom and
the constraints in the single steps are quite different for the 4 cases.
One has the most freedom in the case of flat F-manifolds without Eu-
ler field and without metric, and the most constraints in the case of
Frobenius manifolds with Euler fields. The Remarks 6.11 discuss how
much freedom and constraints one has in the 4 steps in each of the 4
cases.
Before the recipe, Lemma 6.2 and Corollary 6.4 connect Higgs bun-
dles (and enrichments) and (T )-structures (and enrichments) with F-
manifolds (and enrichments).
Definition 6.1. A Higgs bundle (K → M,C) is primitive if a section
ζ ∈ O(K) exists such that the map
C•ζ : TM → O(K), X 7→ CXζ, (6.1)
is an isomorphism. Such a section is called primitive. Especially, then
rkK = dimM .
Lemma 6.2. (a) [He03, Lemma 4.1] A primitive Higgs bundle (K →
M,C) induces a unique multiplication ◦ on TM with CX◦Y = CXCY .
With respect to an arbitrary primitive section ζ, it is uniquely deter-
mined by CX◦Y ζ = CXCY ζ. Also a unique unit field e ∈ TM with
e◦ = id is induced. It is determined by Ceζ = ζ.
(b) [He03, Lemma 4.3] A primitive Higgs bundle with good connection
(K → M,C,D) induces an F-manifold structure on M .
(c) [He03, Lemma 4.3] A primitive Higgs bundle with good connec-
tion and a good pair of endomorphisms (K → M,C,D,U , Q) induce
an Euler field E on the F-manifold M (from (b)) with CE = −U .
With respect to an arbitrary primitive section ζ, the Euler field E is
determined by CEζ = −Uζ.
Remarks 6.3. (i) Let (K → M,C) be a primitive Higgs bundle. For
each t0 ∈ M , vectors in an open set in Tt0M extend to primitive sections
on K|(M,t0). So, primitive sections are not at all unique.
(ii) Any choice of a primitive section ζ yields an isomorphism (6.1).
All enrichments in Definition 4.4 can be pulled back from K to TM
with this isomorphism and satisfy there the same properties. Let us
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call them CM , UM , gM,ζ, DM,ζ, QM,ζ , g(1),M,ζ. They will be used for a
special choice of ζ in Theorem 6.6. Here CM and UM do not depend
on the choice of ζ , all others depend on the choice of ζ . And here
CMX = X◦ and −UM = E◦.
Lemma 6.2 and Lemma 4.5 have the following corollary.
Corollary 6.4. (a) Let (H → C×M,∇) be (T )-structure such that the
underlying Higgs bundle (K = H|{0}×M → M,C) is primitive. Then
M becomes an F-manifold.
(b) Let (H → C×M,∇) be a (TE)-structure such that the underlying
Higgs bundle is primitive. Then M becomes an F-manifold with Euler
field E.
Definition 6.5. A (T )-structure (or any enrichment in Definition 4.1)
over an F-manifold means a (T )-structure such that the underlying
Higgs bundle is primitive, and then the induced F-manifold structure
on the base space is considered. In the case of a (TE)-structure also
the induced Euler field is considered.
The following theorem is a recipe for constructing flat F-manifolds
without/with Euler field and without/with metric. It was first used es-
sentially by M. Saito for the construction of Frobenius manifold struc-
tures on base spaces of universal unfoldings of isolated hypersurface
singularities [SaM89]. The version for Frobenius manifolds with Euler
field is given in [Sa02, VII Theorem 3.6] and in [He03, Theorem 5.12].
We recall the proof. The proof is short because of the preparations in
the sections 4 and 5.
Theorem 6.6. (a) Let (H → P1×M,∇) be a pure (TL)-structure over
an F-manifold. Let ω ∈ O(H)(P1×M) be a global section such that its
restriction ω|{∞}×M to H|{∞}×M is flat with respect to the restriction
∇res,∞ of ∇ to H|{∞}×M and such that its restriction ζ := ω|{0}×M to
K is a primitive section of the primitive Higgs bundle. Consider the
connection D on K from Corollary 5.3. The isomorphism
(C•ζ)
−1 : K → TM (6.2)
maps D to a connection DM,ζ on TM such that (M, ◦, e, DM,ζ) is a flat
F-manifold.
(b) Let (H → P1 × M,∇) be a pure (TLE)-structure over an F-
manifold. By Corollary 6.5 the F-manifold M has an Euler field E.
Consider the endomorphism Q from Corollary 5.3. Let ω and ζ be as
in (a) and suppose that ζ is a section of eigenvectors of Q,
Q(ζ) =
d
2
· ζ for some d ∈ C. (6.3)
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Then (M, ◦, e, E,DM,ζ) is a flat F-manifold with Euler field.
(c) Let (H → P1×M,∇, m, P ) be a pure (TLP )-structure of weight
m ∈ Z over an F-manifold. Let ω and ζ be as in (a). Shift the metric
g from Lemma 4.5 (c) with the isomorphism in (6.2) to a metric gM,ζ
on TM . Then (M, ◦, e, gM,ζ) is a Frobenius manifold, and DM,ζ is the
Levi-Civita connection of gM,ζ.
(d) Let (H → P1×M,∇, m, P ) be a pure (TLEP )-structure of weight
m ∈ Z over an F-manifold. Let ω and ζ be as in (a) and suppose
that ζ is a section of eigenvectors of Q with eigenvalue d
2
as in (6.3).
Then (M, ◦, e, E, gM,ζ) is a Frobenius manifold with Euler field and
LieE(g
M,ζ) = (2− d−m) · gM,ζ.
Proof: (a) Here CM is induced by C via the isomorphism in (6.2).
Therefore the potentiality DM,ζ(CM) = 0 follows from the potentiality
D(C) = 0. The flatness of DM,ζ follows from the flatness of D in
Corollary 5.3. A local basis v as in Corollary 5.3 can be chosen such
that ω is part of the basis. Thus D(v|{0}×M) = 0 implies especially
D(ζ) = 0. As e is the image of ζ under the isomorphism in (6.2), this
gives DM,ζ(e) = 0. This and the potentiality 0 = DM,ζ(CM) applied to
e in the explicit version in (3.3) give the torsion freeness of DM,ζ.
(b) The pair (−E◦, QM,ζ) inherits from the pair (U , Q) the property
of being a good pair of endomorphisms. Thus
0 = DM,ζ(−E◦)− [CM , QM,ζ] + CM . (6.4)
The unit field e inherits from ζ the property of being a section of
eigenvectors of QM,ζ , QM,ζ(e) = d
2
· e. Inserting X and e into (6.4)
gives
DM,ζX (−E) = DM,ζX (−E◦)(e) = [X◦, QM,ζ](e)−X ◦ e
= X ◦QM,ζ(e)−QM,ζ(X ◦ e)−X
= −QM,ζ(X)− 2− d
2
X,
so DM,ζ• (E) = Q
M,ζ +
2− d
2
id . (6.5)
Q in Corollary 5.3 is flat, D(Q) = 0, and QM,ζ inherits this property,
DM,ζ(QM,ζ) = 0. Therefore DM,ζ• (E) is flat.
(c) g in Corollary 5.3 is flat, D(g) = 0, and gM,ζ inherits this prop-
erty, DM,ζ(gM,ζ) = 0. As DM,ζ is torsion free by part (a), DM,ζ is
the Levi-Civita connection of gM,ζ. The metric gM,ζ is multiplication
invariant because of Lemma 4.5 (c) and Definition 4.4 (c). This and
part (a) give part (c).
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(d) Everything except LieE(g
M,ζ) = (2 − d −m) · gM,ζ follows from
(b) and (c). Let X, Y ∈ TM be flat vector fields. The torsion freeness
of DM,ζ gives [E,X ] = −DM,ζX E, [E, Y ] = −DM,ζY E.
LieE(g
M,ζ)(X, Y )
= E(gM,ζ(X, Y ))− gM,ζ([E,X ], Y )− gM,ζ(X, [E, Y ])
= 0 + gM,ζ(DM,ζX E, Y ) + g
M,ζ(X,DM,ζY E)
(6.5)
= gM,ζ(QM,ζX +
2− d
2
X, Y ) + gM,ζ(X,QM,ζY +
2− d
2
Y )
(5.12)
= (2− d−m)gM,ζ(X, Y ).

Before we finish this section with a discussion of the freedom and
the constraints in the 4 steps at the beginning of this section for the
construction of flat F-manifolds and enrichments, two other results are
given.
Theorem 6.7. (a) Let (K → M,C,D) be a primitive Higgs bundle
with a good connection. By Lemma 6.2 (b), it induces an F-manifold
structure on M . Let IM ⊂ O(T ∗M) be the ideal which defines the an-
alytic spectrum of the multiplication (see Definition 2.11, also for the
Poisson bracket {., .} on O(T ∗M)). Then
{
√
IM ,
√
IM} ⊂
√
IM . (6.6)
(b) Let (H → C×M,∇) be a (T )-structure over an F-manifold. Then
(6.6) holds.
Proof: (a) By Theorem 2.3, there is a map l : M → N such that
at each point t0 ∈ M the germ of the F-manifold decomposes into a
product
∏l(t0)
k=1 (Mk, t
0,k) of l(t0) many irreducible germs of F-manifolds.
The caustic K is the set
K := {t ∈M | l(t) is not the maximal value}. (6.7)
This generalizes the notion of a caustic in the generically semisimple
case. The caustic K is empty or a hypersurface [He02, Proposition 2.6].
(6.6) is a local property. It is sufficient to prove it near a point
t0 ∈ M − K. Consider such a point. Write l := l(t0). Over the germ
(M, t0) =
∏l
k=1(Mk, t
0,k), also the bundle K decomposes uniquely into
a direct sum
⊕l
k=1Kk of subbundles. Here Kk = Cek(K) is the image
of the projection Cek , where ek ∈ TM is the lift to TM of the unit field
of (Mk, t
0,k).
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Restrict Kk to (Mk, t
0,k)×∏j 6=k{t0,j} and call the resulting bundle
K(k). The Higgs field C restricts to a Higgs field C(k) on this bundle,
and the pair (K(k) →Mk, C(k)) is again a primitive Higgs bundle (with
Mk a suitable representative of the germ). Also the connection D
has a part D(k) : O(K(k)) → Ω1Mk ⊗ O(K(k)) which acts on K(k).
This connection inherits from D the property of being good. Also
the cotangent bundle and the Poisson bracket split according to the
decomposition (M, t0) =
∏l
k=1(Mk, t
0,k). Therefore we can and will
restrict to the case l = 1.
Let t = (t1, ..., tn) be coordinates on (M, t
0) with t0 = 0 and ∂i :=
∂/∂ti and e = ∂1. Replace M be a neighborhood of 0 in M − K on
which the coordinates are defined. Then K = ∅, and for any t ∈ M
the algebra TtM is irreducible. Therefore ∂i◦ has for each t only one
eigenvalue ρi(t), i.e. (∂i−ρi ·∂1)◦ is for t ∈M nilpotent. The functions
ρi : M → C are holomorphic. The radical of the ideal IM is√
IM = (y1 − 1, y2 − ρ2, ..., yn − ρn) (6.8)
It satisfies (6.6) if and only if for all i 6= j ∂iρj = ∂jρi.
But this follows from the potentiality D(C) = 0 in the following
way. Also C∂i has at t ∈ M only the eigenvalue ρi(t). Therefore
ρi(t) = tr(C∂i |t). Choose a basis w of K → M near 0 and write
C∂iw = w · A(0)i and D∂iw = w ·A(1)i . The potentiality D(C) = 0 says
0 = ∂iA
(0)
j − ∂jA(0)i + [A(0)i , A(1)j ] + [A(1)i , A(0)j ]. (6.9)
Taking the traces gives
∂iρj = ∂i tr(A
(0)
j ) = tr(∂iA
(0)
j ) = tr(∂jA
(0)
i ) = ∂j tr(A
(0)
i ) = ∂jρi.
(b) This follows from part (a) and Lemma 4.5 (e). 
Remark 6.8. Part (b) of Theorem 6.7 was known before. A (T )-
structure over an F-manifold M is a special case of an RX -structure in
the sense of [Sa05], where X = M . Proposition 1.2.5 in [Sa05] implies
(6.6). But the proof is an application of a deep result of Gabber. It is
good to have a short and elementary proof for Theorem 6.7.
Certain (TE)-structures can be unfolded uniquely to (TE)-structures
over F-manifolds with Euler fields. The basic result is due to Malgrange
[Ma86]. The following Theorem 6.9 cites in part (a) and (b) a gener-
alization in [HM04, Theorem 2.5] and in part (c) Malgrange’s result.
For the notion of a universal unfolding of a (TE)-structure, we refer to
[HM04, Definition 2.3].
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Theorem 6.9. (a) Let (H → C× (M, t0),∇) be a (TE)-structure over
a germ (M, t0) of a manifold. Let (K → (M, t0), C) be the induced
Higgs bundle over (M, t0). Suppose that a vector ζt0 ∈ Kt0 with the
following properties exists.
(IC) (Injectivity condition) The map C•ζt0 : Tt0M → Kt0 is
injective.
(GC) (Generation condition) ζt0 and its images under iteration
of the maps U|t0 : Kt0 → Kt0 and CX : Kt0 → Kt0 for X ∈
Tt0M generate Kt0.
Then a universal unfolding of the (TE)-structure over a germ (M ×
Cl, (t0, 0)) (l ∈ N0 suitable) exists. It is unique up to isomorphism. The
underlying Higgs bundle is primitive. Thus the germ (M × Cl, (t0, 0))
is an F-manifold with Euler field.
(b) A (TE)-structure over the germ of an F-manifold (automatically
with Euler field) is its own universal unfolding.
(c) [Ma86] A (TE)-structure over a point t0 has a universal unfolding
if the endomorphism [z2∇∂z ] = U : Kt0 → Kt0 is regular, i.e. it has
for each eigenvalue only one Jordan block. In that case, the F-manifold
with Euler field which underlies the universal unfolding, is by definition
(Definition 2.15) regular.
Theorem 1.3 in [DH17] gives the structure of regular F-manifolds.
Remarks 6.10. (i) Any (TE)-structure over the germ (M, t0) of a reg-
ular F-manifold is by Malgrange’s result determined by its restriction
to t0. That restriction can be treated and understood as in [Ma83a]. By
the Hukuhara-Levelt-Turrittin theorem, a branched covering C → C,
z 7→ zk, exists such that the pull-back of the underlying meromorphic
bundle has a formal decomposition into a tensor product of rank 1
bundles with irregular connections and bundles with regular singular
connections. A Stokes structure distinguishes the meromorphic bundle
within this formal isomorphism class.
(ii) We wonder whether an upper bound for the orders k of the
branched coverings in (i) for all (TE)-structures over t0 exists, for which
[z2∇∂z ] = U : Kt0 → Kt0 is a regular endomorphism. If yes, the number
of continuous parameters for (TE)-structures over a germ of a regular
F-manifold would be bounded.
Remarks 6.11. Here we discuss the freedom and the constraints in
the 4 steps (I), (II), (III) and (IV) at the beginning of this section
for the construction of flat F-manifolds without/with Euler fields and
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without/with metrics. These cases are indexed by (a), (b), (c) and (d)
as follows.
without Euler field with Euler field
without metric (a) flat F-manifold (b) flat F-manifold with E
with metric (c) Frobenius mfd. (d) Frobenius mfd. with E
(I) (a) It is rather easy to construct F-manifolds, see Remark 2.14.
Their structure is quite well understood, see section 2 and [He02].
(I) (b) Existence of Euler fields for F-manifolds is discussed in [He02,
3.2]. Many F-manifolds do not have Euler fields. Some have many dif-
ferent Euler fields. There may be functional parameters. A generically
semisimple F-manifold M has locally on the complement M − K of
the caustic an affine space (of dimension dimM) of Euler fields, see
Remark 2.7 (i). But at a point t0 ∈ K, where the germ of the F-
manifold is irreducible, at most one of them extends to an Euler field
in a neighborhood of t0, see Theorem 2.10.
(I) (c) Given an F-manifold, locally a multiplication invariant metric
exists if and only if all algebras TtM are Frobenius algebras, see the
Remarks 2.16. In any F-manifold, the set of points t ∈M with TtM a
Frobenius algebra is empty or an open set. Often this set is equal toM ,
but also often it is not, see [He02, Proposition 5.32 and the Remarks
5.33] for examples where it is not equal to M .
(I) (d) The examples cited in (c) are F-manifolds with Euler fields.
(II) (a) If a (T )-structure lives over an F-manifold, then the F-
manifold satisfies (6.6) by Theorem 6.7. The F-manifolds in [HMT09,
2.5.2 and 2.5.3] do not satisfy this condition. Therefore there are
no (T )-structures over them. On the other hand, over many F-
manifolds, (T )-structures live, especially over semisimple and (more
generally) regular F-manifolds. Conjecture 7.2 (a) says that over any
irreducible germ of a generically semisimple F-manifold, (T )-structures
live. Though Conjecture 7.2 (a) is not precise, how many (T )-structures
live over such a germ. Theorem 8.2 gives already for the (T )-structures
over the F-manifold I2(m) functional parameters (in F2 ⊃ F3 in Re-
mark 8.3 (i)). And already in the case of I2(m) it is difficult to give
holomorphic normal forms for (T )-structures over I2(m), see Remark
8.3 (iii) and Theorem 8.4.
(b) (TE)-structures live over semisimple F-manifolds and (more gen-
erally) regular F-manifolds. Because of Theorem 6.9, such a (TE)-
structure is determined by its restriction to a point t0. In the semisim-
ple case, that restriction can be encoded by the eigenvalues of U|t0 ,
two Stokes matrices, and the exponents of the regular singular rank 1
pieces. See Remark 6.10 for the case of regular F-manifolds.
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Conjecture 7.2 (b) says that over any irreducible germ of a generically
semisimple F-manifold with Euler field, (TE)-structures live. And here
it is precise how many and which invariants distinguish them. Theorem
7.4 says that Conjecture 7.2 is true for the 2-dimensional F-manifolds
I2(m).
On the other hand, an example of M. Saito [SaM17] can be enhanced
to a family of (TE)-structures over a fixed 3-dimensional everywhere
irreducible F-manifold with Euler field which is nowhere a regular F-
manifold. This family has a functional parameter g(t1) ∈ C{t1}. We
plan to treat it in [DH19-2].
(c) and (d) We expect that the pairing does not pose problems. If
a (T )-structure over an F-manifold exist, whose tangent spaces are all
Frobenius algebras, we expect that also a (TP )-structure exists. Con-
jecture 7.2 says that over an irreducible germ of a generically semisimple
F-manifold with Euler field exactly one (TEP )-structure exists if Tt0M
is a Frobenius algebra (and no one if not).
(III) (a) Theorem 5.1 (a) says that any (T )-structure over a germ of
a manifold extends in many ways to a pure (TL)-structure. So, this
extension comes for free. The freedom in Theorem 5.1 in the choice of
v0 shows that one has functional parameters.
(b) On the other hand, not every (TE)-structure extends to a pure
(TLE)-structure. The problem arises already in the case of (TE)-
structures over a point t0. Example 5.5 is an example of rank 2 with a
logarithmic pole at z = 0. The problem of extendability is the Birkhoff
problem. It is discussed in the Remarks 5.4. If the restriction of a
(TE)-structure to a point extends to a pure (TLE)-structure, the whole
(TE)-structure over a germ (M, t0) extends to a pure (TLE)-structure.
This rather classical fact is recalled (and reproved) in Theorem 5.1 (c).
(c) Theorem 5.1 (b) says that any (TP )-structure over a germ of a
manifold extends in many ways to a pure (TLP )-structure. Also this
extension comes for free.
(d) In the case of a (TEP )-structure over a point t0, the problem
of extension to a pure (TLEP )-structure is again a Birkhoff problem.
Though the additional constraint by the pairing is not so serious. Only,
it requires some extra care.
(IV) (a) Consider a pure (TL)-structure over a sufficiently small
manifold M . Then the global sections whose restrictions to {∞} ×M
are ∇res,∞-flat, form a vector space Vres,∞ with dimVres,∞ = rkH .
The last ingredient towards a flat F-manifold is in Theorem 6.6 a global
section ω ∈ Vres,∞ whose restriction to {0}×M is a primitive section of
the Higgs bundle. All sections in an open subset of Vres,∞ can take the
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role of ω. Therefore, one can pass for free from a pure (TL)-structure
on an F-manifold to a flat F-manifold, and one has rkH parameters.
(b) In the case of a pure (TLE)-structure, Q acts on Vres,∞, and one
has the additional constraint that ω must be a section of eigenvectors
of Q. If one has bad luck, the open subset of Vres,∞ of sections whose
restrictions to {0}×M are primitive sections of the Higgs bundle does
not intersect the union of eigenspaces of Q in Vres,∞. For example
in the general cases of tame functions on affine manifolds which are
considered in [DS03], this is not clear. Though they intersect in the
case of Newton nondegenerate polynomials or Laurent series, and also
in the case of isolated hypersurface singularities.
(c) and (d) Including the pairing does not change the situation. It
does not give constraints on the section ω.
7. A conjecture on (TE)-structures over irreducible
germs of generically semisimple F-manifolds with
Euler fields
Conjecture 7.2 predicts existence of (T )-structures, (TE)-structures,
(TP )-structures and (TEP )-structures over irreducible germs of gener-
ically semisimple F-manifolds. Part (a) on (T )-structures and (TP )-
structures is not precise on the size of families and their parameters.
Part (b) is precise about the family of all (TE)-structures over one
germ and about their parameters, and it predicts one or zero (TEP )-
structures of weight m ∈ Z. Before giving the conjecture, we define
and discuss the regular singular exponents of a (TE)-structure over a
generically semisimple F-manifold with Euler field.
Remarks 7.1. Let (H → C×M,∇) be a (TE)-structure over a gener-
ically semisimple F-manifold with Euler field, with n = dimM = rkH .
Recall the definition of caustic K, Maxwell stratum K2 and bifurcation
set Kbif = K ∪K2 from Remark 2.7 (iii).
(i) The Hukuhara-Levelt-Turrittin theorem on the formal decompo-
sition of an irregular pole at 0 ∈ C of a meromorophic bundle with
a meromorphic connection allows an enhancement to (TE)-structures
[HS07].
Especially, the (TE)-structure over t0 ∈ M − Kbif has a formal
decomposition into a sum of rank 1 (TE)-structures. Each rank 1
(TE)-structure itself is a tensor product of an irregular rank 1 (TE)-
structure with ∇ = d − ui(t0)z−2dz and a logarithmic rank 1 (TE)-
structure with ∇ = d + αiz−1dz. The values α1, ..., αn are called the
regular singular exponents of the (TE)-structure over t0. The values
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u1(t
0), ..., un(t
0) are the eigenvalues of E◦ = −Um : Tt0M → Tt0M and
of −U : Kt0 → Kt0 .
The (TE)-structure over t0 is determined by the values
u1(t
0), ..., un(t
0), the values α1, ..., αn and the Stokes structure [Ma83a].
(iii) Locally near t0, u1, ..., un are canonical coordinates of the
semisimple F-manifold. Moving locally in the F-manifold, the canoni-
cal coordinates vary, but the Stokes structure and the regular singular
exponents are constant.
Without the notions of F-manifold and (TE)-structures, Malgrange
considered this situation in [Ma83b].
(iv) Consider the analytic spectrum LM ⊂ T ∗M of the F-manifold.
The projection LM |M−K → M − K is a covering with n sheets. In a
small open set V ⊂M −K, each sheet is associated to one regular sin-
gular exponent αi, and this value gives a constant function with value
αi on this sheet. One obtains a global function LM |M−K → C which
is locally constant. It gives a function from the finite set of topolog-
ical components of LM |M−K to C. These topological components of
LM |M−K are the restrictions of the components of LM as a reduced
complex space. So, one obtains a map
Arse : {components of LM} → C (7.1)
(rse for regular singular exponent). It is an invariant of the (TE)-
structure over the generically semisimple F-manifold.
Conjecture 7.2. (a) Let (M, t0) be an irreducible germ of a generically
semisimple F-manifold.
Then (T)-structures over (M, t0) exist. In general, there are func-
tional parameters (parameters in rings of power series).
If Tt0M is a Frobenius algebra, then (TP )-structures exist. Again,
in general, there are functional parameters.
(b) Let (M, t0) be an irreducible germ of a generically semisimple
F-manifold with Euler field, and let M be a sufficiently small repre-
sentative. Let its analytic spectrum LM = SpecOM (TM) ⊂ T ∗M have
l ∈ {1, 2, ..., dimM} components (as a reduced complex space).
Then (TE)-structures over (M, t0) exist. At (an arbitrary point)
t1 ∈M −Kbif they have all the same Stokes structure. For each map
A : {components of LM} → C, (7.2)
precisely one (TE)-structure with A = Arse exists. Therefore the (TE)-
structures over (M, t0) are parametrized by Cl.
44 L. DAVID AND C. HERTLING
If Tt0M is a Frobenius algebra and m ∈ Z, then the (TE)-structure
with all regular singular exponents equal to m/2 can be enriched to a
(TEP )-structure of weight m.
Remarks 7.3. (i) Part (a) of Conjecture 7.2 is sketchy, as we do not
have a good understanding of the parameters behind the (T )-structures
over one irreducible germ of a generically semisimple F-manifold, not
even in the case of the 2-dimensional F-manifolds I2(m), see Remark
8.3. Anyway, our main interest is in part (b).
(ii) We can imagine a generalization of Conjecture 7.2 (b) to irre-
ducible germs of generically regular F-manifolds. Generically regular
F-manifolds share with generically semisimple F-manifolds the prop-
erty that locally a (TE)-structure over the F-manifold with Euler field
is determined by its restriction to a generic single point, see Theorem
6.9.
(iii) We expect functional parameters for (TE)-structures over a
germ of an F-manifold with Euler field which is nowhere regular. See
Remark 6.11 (II)(b).
(iv) We expect that the (TE)-structures in Conjecture 7.2 (b) have
all the same Stokes structure. Conjecture 7.2 (b) is an existence and
a uniqueness conjecture also for the Stokes structure. At a point
t0 ∈ M − Kbif one can start with a semisimple (TE)-structure on
(C, 0)×{t0} with arbitrary Stokes structure and arbitrary regular sin-
gular exponents α1, ..., αn. A local isomonodromic extension exists and
is unique. A global isomonodromic extension to M − Kbif exists only
if the Stokes structure fits to itself after all possible paths around Kbif
and if the αi from the rank 1 pieces over points in the same compo-
nent of LM coincide. Suppose that this holds for some Stokes structure
and some choice of α1, ..., αn. Still the holomorphic extendability of
the (TE)-structure from M − Kbif to Kbif is a nontrivial constraint.
Conjecture 7.2 (b) claims that precisely one Stokes structure satisfies
all constraints.
(v) In the case of I2(m) with m ≥ 3, we checked that there are [m2 ]
Stokes structures which give (TE)-structures on M −Kbif =M −K =
C
2−C×{0}. But only one of them gives a (TE)-structure onM−Kbif
which extends holomorphically to M . For example, for even m there
is a (TE)-structure over M −Kbif with trivial Stokes structure, but it
does not extend to M .
(vi) A semisimple (TEP )-structure of weight m ∈ Z over a point
t0 /∈ K2 decomposes formally into a sum of rank 1 (TEP )-structures
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of weight m, and for each of them the irregular rank 1 factor with
∇ = d − uiz−2dz as well as the logarithmic rank 1 factor with ∇ =
d + αiz
−1dz are (TEP )-structures of weight m [HS07]. But the only
regular singular rank 1 (TEP )-structure of weight m is the one with
αi = m/2. This forces the values of Arse to be all equal to m/2. This
motivates the last part of Conjecture 7.2 (b).
In section 8 we will study the (T )-structures and (TE)-structures
over the 2-dimensional F-manifolds I2(m) (m ≥ 3). We will prove the
following.
Theorem 7.4. Conjecture 7.2 is true for the germs at 0 of the 2-
dimensional F-manifolds of type I2(m).
Remarks 7.5. (i) Originally, we hoped to prove Conjecture 7.2 (b)
by a constructive and inductive argument looking at normal forms and
their equations, but up to now, this has been successful only for I2(m).
It is difficult in this approach to make use of the generic semisimplicity.
(ii) A very different approach is via the theory of holonomic E-
modules. In [KK81] and [Ka86], holonomic E-modules are considered
whose singular support is a smooth Lagrangian variety in T ∗M , and it
is shown that they are simple holonomic E-modules. We hope that this
can be used to prove Conjecture 7.2 (b) in the case, when the analytic
spectrum of an irreducible germ of a generically semisimple F-manifold
is smooth. That is precisely the case of the base space of an isolated
hypersurface singularity. In that case the existence of a 1-parameter
family of (TE)-structures is well-known, and the parameter is the value
Arse(L) ∈ C. So it remains there only to prove the uniqueness, and
this is the uniqueness of the Stokes structure.
(iii) Similarly, we hope that the results in [DDP81] can be used to
prove Conjecture 7.2 (b) in the case, when the analytic spectrum of
an irreducible germ of a generically semisimple F-manifold is a normal
crossing divisor. This would generalize (ii).
(iv) Finally, we hope that more elementary arguments which build
on the positive results for the I2(m) will show at least the uniqueness
part in Conjecture 7.2 (b) in the case of an irreducible germ (M, t0) of
a generically semisimple F-manifold with Euler field with the following
property: At generic points t1 ∈ K in the caustic the germ (M, t1) is
isomorphic to AdimM−21 I2(m) where m is in a finite subset of Z≥3. One
option is to try to control the possible Stokes structures directly. But
also that looks difficult.
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8. (TE)-structures over the 2-dimensional F-manifolds
I2(m)
One aim of this section is to prove Conjecture 7.2 in dimension 2,
i.e. for the 2-dimensional irreducible germs of generically semisimple
F-manifolds with Euler fields. Those are the germs of types I2(m),
m ∈ Z≥3, see Theorem 2.8 (b).
We will recall in Theorem 8.2 the formal classification of the (for-
mal or holomorphic) (T )-structures over I2(m) in [DH19-1, Theorem
16 iii)]. Theorem 8.4 will give semi-normal forms for holomorphic (T )-
structures, semi because they are not unique. It improves [DH17, The-
orem 16 i)]. It implies Conjecture 7.2 (a) in the case of I2(m).
Then we turn to (TE)-structures over I2(m) with its Euler field.
Theorem 8.5 will show that all formal (TE)-structures over I2(m) are
formally isomorphic to holomorphic normal forms, and it will give holo-
morphic normal forms for all holomorphic (TE)-structures over I2(m).
It builds on Theorem 8.2 (not on Theorem 8.4) and uses for the holo-
morphic classification Corollary 5.7. In the case m odd, only the well
known 1-parameter family of (TE)-structures exists. In the case m
even, a 2-parameter family exists. It was discovered recently indepen-
dently in [KMS15] and [AL17]. Finally, Theorem 8.6 will calculate for
these normal forms the regular singular exponents (see the Remarks
7.1). Theorem 8.5, Theorem 8.6 and Corollary 8.7 together show Con-
jecture 7.2 (b) in the case of I2(m).
Remarks 8.1. (i) We use t = (t1, t2) as standard coordinates on C
2,
with coordinate vector fields ∂i = ∂/∂ti. For a fixed m ∈ Z≥3, we shall
use the following matrices,
C1 := 12, C2 :=
(
0 tm−22
1 0
)
, D :=
(
1 0
0 −1
)
, E :=
(
0 1
0 0
)
, (8.1)
and the relations between them,
(C2)
2 = tm−22 C1, D
2 = C1, E
2 = 0, (8.2)
C2D = C2 − 2tm−22 E = −DC2, [C2, D] = 2(C2 − 2tm−22 E), (8.3)
C2E =
1
2
(C1 −D), EC2 = 1
2
(C1 +D), [C2, E] = −D, (8.4)
DE = E = −ED, [D,E] = 2E. (8.5)
(ii) The multiplication ◦ and the Euler field E of the F-manifold
I2(m) (m ∈ Z≥3) on M = C2 in Theorem 2.8 (b) are as follows. Here
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∂ := (∂1, ∂2).
∂1 = e, ∂2 ◦ ∂2 = tm−22 ∂1, so ∂1 ◦ ∂ = ∂, ∂2 ◦ ∂ = ∂ · C2, (8.6)
E = (t1 + c1)∂1 +
2
m
t2∂2 for some c1 ∈ C. (8.7)
We will restrict in the following to c1 = 0. This is not a serious restric-
tion, as the F-manifold structure is constant along the flow of ∂1, but
the Euler field takes up just such a summand c1∂1 along this flow.
(iii) A formal or holomorphic (T )-structure or (TE)-structure over
I2(m) induces via its primitive Higgs bundle this multiplication and
this Euler field on M = C2. That means, that for any basis v of it, the
matrices Ai =
∑
k≥0A
(k)
i z
k and B =
∑
k≥0B
(k)zk with
∇v = v(z−1A1dt1 + z−1A2dt2 + z−2Bdz) (8.8)
satisfy not only (4.15) and (4.16), but also
A
(0)
1 = C1, (A
(0)
2 )
2 = tm−22 C1, B
(0) = −t1C1 − 2
m
t2A
(0)
2 . (8.9)
The following theorem from [DH19-1] gives a unique formal normal
form for any formal or holomorphic (T )-structure over the germ at 0
of the F-manifold I2(m).
Theorem 8.2. [DH19-1, Theorem 16 iii)] Any formal or holomorphic
(T )-structure over the germ at 0 of the F-manifold I2(m) has a formal
basis v with ∇v = v · (z−1A1dt1 + z−1A2dt2) and
A1 = C1, A2 = C2 + zf · E, (8.10)
where f
{
= 0 if m = 3
∈ C[[z]][t2]≤m−4 if m ≥ 4.
This f is unique.
Remarks 8.3. (i) It is not clear whether in the case of a holomorphic
(T )-structure this formal normal form is holomorphic, so whether then
f ∈ C{z}[t2]≤m−4. More precisely, if we denote
F1 := C[[z]][t2]≤m−4,
F2 := {f ∈ F1 | the formal (T )-structure for this f
is formally isomorphic to a holomorphic (T )-structure}
F3 := C{z}[t2]≤m−4, (8.11)
we have F1 ⊃ F2 ⊃ F3, but we don’t know where F2 is between F1 and
F3. This is annoying.
(ii) The following theorem gives holomorphic semi-normal forms for
(T )-structures over I2(m). Semi, because they are not unique.
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(iii) It is possible to refine them to normal forms by setting subsets
of the coefficients of f ∈ C{t2} + z · C{t2} equal 0. The result is
combinatorially surprisingly rich, but still not appealing.
The proof of Theorem 8.4 follows roughly the proof of [DH19-1, The-
orem 16 i)], but it uses also Theorem 5.1 (a). Therefore it is simpler
and gives stronger semi-normal forms.
Theorem 8.4. Over the F-manifold I2(m) form ≥ 3, any holomorphic
(T)-structure has a holomorphic basis v with ∇v = v · (z−1A1dt1 +
z−1A2dt2) and
A1 = A
(0)
1 = C1, (8.12)
A2 =
2∑
k=0
A
(k)
2 = C2 + zf ·E (8.13)
with f ∈ C{t2}+ z · C{t2}.
Proof: Extend the (T)-structure to a pure (TL)-structure, using
Theorem 5.1, and follow the steps 1 to 3 in the proof of [DH19-1,
Theorem 16 i)]. The details are as follows.
Choose a basis v = (v1, v2) of global sections whose restrictions to
{∞} ×M are ∇res,∞-flat and with v1|{0}×M primitive. Then
∇v = v · (z−1A(0)1 dt1 + z−1A(0)2 dt2) (8.14)
where A
(0)
1 = C1, (A
(0)
2 )
2 = tm−22 C1,
and a priori A
(0)
2 ∈ M2×2(C{t1, t2}), but (5.3), ∂1A(0)2 = ∂2A(0)1 =
∂2C1 = 0, shows immediately A
(0)
2 ∈M2×2(C{t2}).
There are unique vector fields ∂˜1 and ∂˜2 with C∂˜jv1|{0}×M = vj |{0}×M
and thus z∇∂˜jv1 = vj . Then
∂2 ◦ (∂˜1, ∂˜1) = (∂˜1, ∂˜2) · A(0)2 . (8.15)
Of course ∂˜1 = ∂1. We can assume that v2 is chosen so that ∂˜2|t=0 =
∂2|t=0. Then for suitable a, b ∈ C{t2} with b(0) = 1 and a(0) = 0
∂˜2 = ab
−1∂1 + b
−1∂2, (8.16)
so (∂˜1, ∂˜2) = (∂1, ∂2) ·
(
1 ab−1
0 b−1
)
,
(∂1, ∂2) = (∂˜1, ∂˜2) · T with T :=
(
1 −a
0 b
)
=
(
1 ab−1
0 b−1
)−1
.
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Choose the new basis
v˜ = (v˜1, v˜2) := v · T with T :=
(
1 −a
0 b
)
. (8.17)
Its restriction to {∞} ×M is no longer ∇res,∞-flat. But the matrices
A˜1 and A˜2 with ∇v˜ = v˜ · (z−1A˜1dt1 + z−1A˜2dt2) satisfy A˜1 = C1 and
A˜2 = T
−1z∂2T + T
−1A2T
= ... =
(
0 tm−22
1 0
)
+ z ·
(
0 −∂2a + ab−1∂2b
0 b−1∂2b
)
(8.18)
= C2 + z · b−1∂2b · 1
2
(C1 −D) + z · (−∂2a+ ab−1∂2b) ·E.
By step 2 in the proof of Theorem 16 i) in [DH19-1], we can change
v˜ to another basis so that its matrix Anew,12 has the form
Anew,12 = C2 + z · b−1∂2b ·
−1
2
·D + z · (−∂2a+ ab−1∂2b) ·E (8.19)
=: C2 + z · a3 ·D + z · a4 · E.
Now one can apply step 3 in the proof of Theorem 16 i) in [DH19-1]
with τ3 := 0 and τ4 := a3, so with
T˜ := C1 + za3E. (8.20)
The new matrix Anew,22 has the shape
Anew,22 = T˜
−1z∂2T˜ + T˜
−1Anew,12 T˜ = C2 + zf · E
with f = a4 + z(∂2a3 + a
2
3) ∈ C{t2}+ z · C{t2}. (8.21)
(In the notation of [DH19-1] a˜1 = 0, f = a˜4; details of the calculation
leading to (8.21) are given in [DH19-1].) 
Now we come to (TE)-structures over the F-manifold I2(m) with
the Euler field in (8.7) with c1 = 0. Theorem 8.5 will show that any
formal (TE)-structure is formally isomorphic to a holomorphic (TE)-
structures, and it will give unique holomorphic normal forms for the
holomorphic (TE)-structures. They have 2 parameters (α, λ) ∈ C2 if
m is even and 1 parameter α ∈ C if m is odd.
Theorem 8.5. Any formal (TE)-structure over the germ at 0 of the
F-manifold I2(m) with the Euler field E = t1∂1 +
2
m
t2∂2 is formally
isomorphic to a holomorphic (TE)-structure. Any holomorphic (TE)-
structure has a basis v such that the matrices A1, A2 and B in (8.8)
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are in the following normal form.
A1 = C1, (8.22)
A2 = C2 + z · f ·E, (8.23)
B =
(−t1C1 − 2
m
t2C2
)
(8.24)
+ z ·
(
α · C1 + 2−m
2m
·D + −2
m
t2f · E
)
,
with f =
{
0 if m is odd,
λ · t(m−4)/22 if m is even.
(8.25)
Here α ∈ C and λ ∈ C. Any formal or holomorphic (TE)-structure
has a unique such normal form.
Proof: Let a formal or holomorphic (TE)-structure over the F -
manifold I2(m) be given. Because of Theorem 8.2, we can choose a
formal basis v with the matrices A1 and A2 as in (8.10), so
A1 = C1 and A2 = C2 + zf ·E (8.26)
with f ∈ C[[z]][t2]≤m−4 if m ≥ 4 and f = 0 if m = 3.
The main part of this proof will show that this basis can be changed
to a formal basis with matrices A1, A2 and B as in Theorem 8.5.
At the end of the proof, we can and will apply Corollary 5.7. That
will show that a holomorphic (TE)-structure has a holomorphic basis
with the normal form in Theorem 8.5.
We will show that the matrix A2 satisfies (8.23) and (8.25) and that
the matrix B can be brought by a base change, which does not change
A1 and A2, to the form in (8.24).
Equation (4.16) for i = 1 gives
0 = z∂1B − z2∂zA1 + [A1, B] = z∂1B. (8.27)
Because of (8.9), B(0) = −t1C1 − 2mC2. Therefore B has the form
B = (−t1 + zb1)C1 + b2C2 + zb3D + zb4E (8.28)
with b1, b2, b3, b4 ∈ C{t2, z]].
We know already b2 ∈ − 2m t2 + zC{t2, z]], but we will recover this also
below. Equation (4.16) for i = 2 gives strong constraints on b1, b2, b3
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and b4.
0 = z∂2B − z2∂zA2 + zA2 + [A2, B]
= z2∂2b1 · C1 + z∂2b2 · C2 + zb2 · (m− 2)tm−32 · E
+z2∂2b3 ·D + z2∂2b4 · E
+ z · C2 + (−z2∂z(z · f) + z2f)E
+ z · b3 · 2(C2 − 2tm−22 E) + z · b4 · (−D)
+ z · fb2 ·D + z2 · fb3 · (−2E)
= z2 · C1 · (∂2b1)
+ z · C2 · (∂2b2 + 1 + 2b3)
+ z ·D · (−b4 + fb2 + z · ∂2b3)
+ z · E · ((m− 2)tm−32 · b2 + z · ∂2b4
−z2∂zf − 4tm−22 b3 − z · 2fb3).
The coefficients of C1, C2, D and E give
∂2b1 = 0, i.e. b1 ∈ C[[z]], (8.29)
2b3 = −∂2b2 − 1, (8.30)
b4 = fb2 + z · ∂2b3 = fb2 − z · 1
2
∂22b2, (8.31)
0 = tm−32 ((m− 2) id+2t2∂2)(b2) + 2tm−22 (8.32)
+ z · (−z∂zf + ∂2f · b2 + 2f · ∂2b2 + f − z · 1
2
∂32b2).
The following choice of T reduces b1 ∈ C[[z]] to b˜1 = z · α for some
α ∈ C without changing anything else. Set
b1 = α+
∑
k≥1
b
(1)
1 · zk,
T := exp
(
−
∑
k≥1
b
(k)
1
k
· zk
)
· C1, (8.33)
thus z∂zT = (α− b1)C1 · T.
(4.25) and (4.26) show that A1 and A2 are unchanged and that the
only change in B is that b1 is replaced by b˜1 = α · z.
Write
b2 =
∑
k≥0
b
(k)
2 (t2) · zk and f =
∑
k≥0
f (k)(t2) · zk.
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Then b
(0)
2 is determined uniquely by the first line of (8.32), and it is
b
(0)
2 =
−2
m
t2.
The next term b
(1)
2 is determined by both lines of (8.32), but in the
second line only b
(0)
2 and f
(0) are relevant. Because all f (k) ∈ C[t2]≤m−4
and b
(0)
2 ∈ C[t2]≤1, the first line for b(1)2 and the second line for b(0)2 and
f (0) must vanish separately. This gives
b
(1)
2 = 0.
By the same argument, one obtains inductively
b
(k)
2 = 0 for any k ≥ 1, thus b2 = b(0)2 =
−2
m
t2 (8.34)
Now the second line of (8.32) becomes
0 = (mz∂z + 2t2∂2 + (4−m) id)(f).
The only solutions are
f = f (0) =
{
λ · t(m−4)/22 if m is even,
0 if m is odd.
(8.35)
for an arbitrary λ ∈ C if m is even. Then
b3 = −1
2
∂2b2 − 1
2
=
2−m
2m
, (8.36)
b4 = fb2 =
−2
m
t1 · f (0) = −2
m
· λ · t(m−2)/22 . (8.37)
This gives (8.23), (8.24) and (8.25).
In the case of a formal (TE)-structure we are ready. In the case of a
holomorphic (TE)-structure, one observes that the matrix B restricted
to t = 0 gives a (TE)-structure over t0 = 0 with a regular singular pole
(even a logarithmic pole) at z = 0. By Corollary 5.7, the base change
matrix T˜ from any holomorphic basis of the original (TE)-structure
to the formal basis v above is holomorphic. Therefore the basis v is a
holomorphic basis of the (TE)-structure.
The uniqueness of the normal form in Theorem 8.5 follows from the
uniqueness of the normal form in Theorem 8.2 (the proof did not change
f) and from the uniqueness of α above. 
For the proof of Conjecture 7.2 (b), we need the regular singular ex-
ponents of the normal forms in Theorem 8.5. Theorem 8.6 gives these
values and shows the bijection between the normal forms and the possi-
ble maps A : {components of LM} → C from (7.2). Together with the
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uniqueness of the normal form in Theorem 8.5, this shows Conjecture
7.2 (b) for the I2(m), up to the statement on (TEP )-structures. That
follows from Corollary 8.7.
Theorem 8.6. Consider a (TE)-structure over the germ at 0 of the
F-manifold I2(m) (m ∈ Z≥3). Let v be a basis with matrices A1, A2, B
in the normal form in Theorem 8.5.
(i) Suppose that m is even. Then LM has two components. And then
α+ ∓λ
m
are the two regular singular exponents.
(ii) Suppose that m is odd. Then LM has one component. And then
α is the only regular singular exponent.
Proof: Locally on M −K choose for odd m a square root t1/22 of t2,
define (for even and for odd m) τ := t
(m−2)/2
2 , and consider the base
change matrices
T = T (0) =
(
τ −τ
1 1
)
and T−1 =
1
2τ
(
1 τ
−1 τ
)
. (8.38)
Conjugation with T diagonalizes C2 and transformsD and E as follows,
T−1C2T =
(
τ 0
0 −τ
)
, (8.39)
T−1DT =
(
0 −1
−1 0
)
, (8.40)
T−1ET =
1
2τ
(
1 1
−1 −1
)
, (8.41)
and T−1∂2T =
m− 2
4t2
·
(
1 −1
−1 1
)
. (8.42)
The local basis
v˜ := v · T (8.43)
satisfies
∇v˜ = v˜ · (z−1A˜1dt1 + z−1A˜2dt2 + z−2B˜dz) with
A˜1 = C1,
A˜2 = T
−1z∂2T + T
−1A2T (8.44)
=
(
τ 0
0 −τ
)
+ z
m− 2
4t2
·
(
1 −1
−1 1
)
+ z
f
2τ
·
(
1 1
−1 −1
)
B˜ = T−1z2∂zT + T
−1BT = T−1BT
=
(
−t1C1 − 2
m
t2τD
)
+ z ·
(
α− λ
m
−2−m
2m
− λ
m−2−m
2m
+ λ
m
α + λ
m
)
. (8.45)
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The matrix B˜(0) is diagonal. Therefore the diagonal entries of the
matrix B˜(1) are the regular singular exponents. So, they are α + ∓λ
m
.
This proves Theorem 8.6 in both cases, whether m is even or odd. 
Corollary 8.7. Consider a (TE)-structure over the germ at 0 of the
F-manifold I2(m) (m ∈ Z≥3). Let v be a basis with matrices A1, A2, B
in the normal form in Theorem 8.5. Let w ∈ Z.
The (TE)-structure extends to a (TEP )-structure of weight w ∈ Z
if and only if λ = 0 (if m is even) and α = w
2
. The pairing P is unique
up to rescaling and is given by
z−w · P (vt, v) = Pmat,(0) = c ·
(
0 1
1 0
)
(8.46)
with c ∈ C∗ arbitrary.
Proof: Remark 7.3 (vi) and Theorem 8.6 together show that α +
∓λ
m
= w
2
is necessary for the extendability of the (TE)-structure to a
(TEP )-structure of weight w. Consider the case λ = 0 (if m is even)
and α = w
2
. If a pairing P exists, it is given by a matrix Pmat,(0) =
z−wP (vt, v) which satisfies (5.8)–(5.11) and (4.14). Thus it is a constant
nondegenerate and symmetric matrix with
A
(0)
2 P
mat,(0) − Pmat,(0)A(0)2 = 0, (8.47)
(−w)Pmat,(0) + (B(1))tPmat,(0) + Pmat,(0)B(1) = 0. (8.48)
and A
(0)
2 = C2, B
(1) = w
2
C1 +
2−m
2m
D. (8.47) alone forces Pmat,(0) to be
as in (8.46). (8.48) is then satisfied. 
Remark 8.8. In Remark 3.4 (iii) it was claimed that one has above the
F-manifold I2(m) with Euler field only a 2-dimensional (if m is even)
respectively 1-dimensional (if m is odd) family of flat F-manifolds with
Euler field. This is close to Theorem 8.5, but stronger. We still have to
make the steps (III)(b) and (IV)(b) (in the notation of Remark 6.11).
And we have to see that no new parameters arise during these steps.
The step (III) (b): The restriction of the (TE)-structure in Theorem
8.5 to t0 = 0 has a logarithmic pole at z = 0 with residue eigenvalues
α ± 2−m
2m
. Their difference is smaller than 1. Therefore this (TE)-
structure over t0 = 0 has a unique extension to a pure (TLE)-structure.
And therefore also the whole (TE)-structure has a unique extension to
a pure (TLE)-structure (Theorem 5.1 (c)). In the step (III) (b) no
new parameter arises. If m is odd or if m is even and λ = 0, the
basis v in Theorem 8.5 is already a basis of the pure (TLE)-structure.
If m is even and λ 6= 0, the following base change leads to the pure
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(TLE)-structure. Define
β :=
2
2−mλt
(m−2)/2
2 , (8.49)
T := T (0) =
(
1 β
0 1
)
, (8.50)
v˜ := v · T. (8.51)
Then
A˜1 = T
−1A1T + T
−1z∂1T = C1, (8.52)
A˜2 = T
−1A1T + T
−1z∂2T =
(−β tm−22 − β2
1 β
)
, (8.53)
B˜ = T−1BT + T−1z2∂zT
= −t1C1 − 2
m
t2A˜2 + z
(
α · C1 + 2−m
2m
·D). (8.54)
The step (IV) (b): Theorem 6.6 (b) shows how to make this step.
One needs a section ω ∈ C · v˜1 + C · v˜2 such that its restriction
ζ := ω|{0}×M to K is a primitive section of the Higgs bundle and
an eigenvector of Q. Here Q is given by the matrix −B˜(1), which is
diagonal. Thus the eigenvectors of Q are v˜1 and v˜2. The second one, v˜2
is not a primitive section, as the second column of the matrix A˜2 = A˜
(0)
2
vanishes at t0 = 0. Only the first one, v˜1 is a primitive section. Also
in the step (IV) (b) no new parameter arises.
The flat coordinates t˜1, t˜2 and the flat vector fields ∂˜1, ∂˜2 can be made
explicit easily. C∂˜i(v˜1|{0}×M ) = v˜i|{0}×M leads to
(∂˜1, ∂˜2) = (∂1, ∂2 + β∂1), (8.55)
(t˜1, t˜2) = (t1 − 2
m
t2β, t2), (8.56)
∂˜2 ◦ ∂˜2 = (tm−22 + β2)∂1 + 2β∂2 = (tm−22 − β2)∂˜1 + 2β∂˜2. (8.57)
A vector potential (see Remark 3.2 (iv)) is(1
2
t˜21 +
1
m(m− 1)(t
m
2 − t22β2)
)
∂˜1 +
(
t˜1t2 +
8
(m+ 2)m
t22β
)
∂˜2. (8.58)
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